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Question 1:
Suppose that you are given the random sample yi,...,¥y, from a distribution whose density function is
given by

2
f(y):ej(ﬁ—y),for0<y<0.
(1) Provide the MLE for 6, say 0,,.

Solution: Here, we have that fy, (y;) = 9% (0 —y;) for 0 < y; < 6. The likelihood function is thus
given by

Ln (6;{Yi}) = Hﬁdﬁ)
= H 32 (0 —Yi) Lio<yi<o}
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Taking logs,

InL, (6;{Y;}) = nlog2 — 2nlog 6 + Zlog 0-Y;)+ Zlog Lio<y; <0}
i=1 i=1

The first order conditions are thus
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Solving explicitly for §, ~ requires finding the roots of an n** degree polynomial which, for n > 5, is

generically impossible by the Abel-Ruffini theorem, so I will just say that é,]f“: is implicitly defined as a
solution to the above equation.

(2) Provide the asymptotic distribution for 0,,.

Solution: Recall that for an ML estimator,

~ML

N (9n — 90) 4N (o, I (90)*1)



Where

0*In fy, (Y3)
1oy - 5[ 210 09]
Taking these derivatives, we have
omfr () _ 2, 1
00 B 0 0-Y;
Pmp (V) _ 2 1
802 - 02 (9 _ )/1)2
Which gives us
1 2
L()=FE|——— =
(60— Y)* 65

Remark 1 It can be shown that this expectation does not exist.

Thus, the asymptotic distribution for 0, is given by

1

El— _ 2
(60—Y31)* 0

I (6) " =

(3) Is the estimator in (1) an unbiased estimator for §7 Justify your answer.
Solution:

(4) Provide a test statistic for testing the null hypothesis Hy : 6% = 1 against the hypothesis H; : 6 < 1.



Question 2:
Consider the following two equations:

Ely|z] = =zip (3)
E*[yla] = aip", (4)
for i =1,...,n. Note that equation (3) states that the true conditional expectation of y;, conditional

. A0
on x;, is linear, while equation (4) characterizes the linear predictor of y; conditional on z;. Let 8 and 5,
be the least-squares estimators of 3 and 3¢, respectively. Define

a, = \/E(B—ﬂ),and
of = va (B -8,

(1) Derive the asymptotic distribution of a,.
(2) Derive the asymptotic distribution of .
(3) Under what conditions will a,, and o, have the same asymptotic distribution?



Question 3:
Consider the linear model

yi = ;B + ui,
where
u;, = 0 (331) Eiy
o(x;) = 1+, and

5i|$i ZA'isl]\f (0,0’2) .

(1) Provide an estimator for 8 and show that the suggested estimator is consistent.
Solution: Let

~OLS
n

= X'X)'xYy
= (X'X)7' X' (XB+u)
= B+ (X'X)" ' X'u

-1
1 — 1 —

Assuming the data are i.i.d. and that E[|X;X[]] < 400, 23" | X; X/ Y, E[X;X!]. By the con-
tinuity theorem, (37, XiX£)71 L E[X;X!]”" (assuming E[X;X!] is nonsingular). Next, we have
LS X L E[Xu) = E[E [ Xu] Xi]] = E [XiE [ug] X;]] = 0 since

E[ui| Xi] = Eo (Xi)&i| Xi] = 0 (X;) E[ei] Xi] =0

Therefore, by Slutsky’s theorem, we have that

~OLS

p
n 0

(2) Show that the estimator suggested in (1) is asymptotically normal, and provide its asymptotic
covariance matrix.
Solution: Rearranging the above equation, we have

n -1 n
B -8 = (iZXin‘) PR
i=1 i=1
" —1 n
A P

&) (2)

By the argument above, (1) 2 E[X;X!]". Next, since the data are i.i.d., and assuming that Var (X;u;) =
E [(Xlul) (Xiui)/] =F [XiX{u?] < 400, we have by the central limit theorem

vn (711 iXiul) © N (0. B [XiX[uf])

i=1
Therefore, by Slutsky’s theorem we have that

N (BSLS _ 5) 4N (O,E XX B [X, X2 E [XiX{]_l)



(3) Discuss whether or not one can estimate 7. If your answer is yes provide the details of the proposed
estimator. If the answer is no discuss in detail why not.

Question 4:

Suppose we have a model of the form

yi = aoexp{zify} + &i, where
FE [€1| {Ei] = 0,
fori=1,...,n, where 3, is a K x 1 vector of parameters and «ay is a scalar parameter.

(1) Under what condition is aq identified?
Solution: We can rewrite the above equation as

Y = agexp{ziBo} +e;

= exp{lnap}texp{xB,} +¢;

= exp{lnag+ 2.6} +&i
And therefore, as long as X;
(2) Assume that the condition(s) in (1) is (are) satisfied. Suggest a K x1 moment function ¢, (y;, x;, @, 5)

such that

E [@1 (yi7xi7a0750)] =0

(3) Suggest an additional K x 1 moment function ¢, (y;, z;, a, §) such that

E o, (yi, 2, 0, By)] = 0.
) Show how to combine the moment functions in (2) and (3) to get the most efficient estimators for
= (ao ) say 0,,.
( ) Provide the asymptotic distribution function for the estimator for 6,, obtained in (4).
(6) Suggest a consistent estimator for the asymptotic covariance matrix derived in (5).

Question 5:
Consider the two equation model given by

(4

/

Yy = 1,01 +u,
!

Y2i = $2i52+u2i7

where x1; and z9; are K x1 and K3 x 1 vectors of regressors, respectively, 5; and 3, are the corresponding
li
unknown vectors of parameters. Let u; = (u14,u2;)", and assume that

y
ui| T14, m2i ~ D (0,%,).

(1) Describe how to obtain the most efficient estimates for 5, and f,.

(2) Provide a consistent estimator for %,,.

(3) Suppose that Cov (u14,u9;) = 0. How would it change the answer in (1)?

(4) Suppose that z1; = xo; for all i =1,...,n How would it change the answer in (1)?
Question 6:

Consider the two equation model given by

Y = YiY2i + 81 + s,
Yoi = YoY1i + x50 + ug;,

where x1; and z9; are K x1 and K x 1 vectors of regressors, respectively, 5; and 3, are the corresponding
unknown vectors of parameters, and v, and v, are two scalar parameters. Let u; = (u1;, u2;) , and assume
that -
’U,l‘ T14, T2 % D (0 b ) .
Describe in detail the conditions under which the model’s parameters are identified.
Assume the conditions in (1) are satisfied. Provide the most efficient estimators for 6; = (v,,5,)’,

Derive the asymptotic distribution for 0,.
Suggest a test for the hypothesis Hy : v; = v, against Hy : v, # 5.



Question 7:
Consider the binary discrete choice model given by

exp {zj7}

fori=1,...,n.
(1) Provide the MLE for ~, say 4,,.

Solution: Define (X1
exp { Xy

ANXiY) = ——Fv

1+ exp{X/v}

Then

n

Lo (X)) = []A X' ™ 1= A(xi)"
1=1

Taking logs,

n

In Ly (7 {Xi}) = D [(1 = Yi) In A (X[y) + Yiln [l = A (X])]
i=1
Taking first order conditions, we have that 4,, solves
—~ 1-Y - Y;
DY A X)X — Y ——— A (X[A,) Xi =

i=1 iTn tIn

Where

. 0 .
AXiA,) = WA(X'L{ n)

Is the pdf of a logistic distribution.

(2) Show that the MLE can be considered as an MM estimator.
Solution:

(3) Compute the asymptotic covariance for 4, and provide a consistent estimator for the asymptotic
covariance. Justify your answer.
Solution:



Question 8:
Consider the linear model
yi = i+ u;, where
Elu|zi] # 0,
fori =1,...,n, where z; is a K X 1 vector of regressors. Suppose that there exist a vector of random

variables z; such that

where z; is an M x 1 vector, with M > K.
(1) Show that a least-squares regression of y; on z; will yield an inconsistent estimator for §.
Solution: Since E [u;| x;] # 0, it follows that E [z;u;] # 0. Therefore,

B (X' x)TIXY = (XX) X (X8 + )

= B+ (X'X) ' X'u
1< e
! _ T

By the weak law of large numbers, Slutsky’s theorem, and the Mann Wald theorem, we have that

BOY 2 gy Blael) ™ E ] # 8

. pOLS . . .
That is, §,,  is inconsistent.

(2) Suggest an instrumental variable estimator for 5 using the entire vector of instruments z;.
Solution: Let II be k x ¢ with II 5 I, which is nonstochastic. Then

Bry () = (1Z'X) " 1Z2'Y
Is an instrumental variable estimator for 8. In particular, if we let Il = X'Z (2'Z)™", we have that

By (X’Z(Z’Z)_l) - (X’Z(Z’Z)_lZ’X)ilX’Z(Z’Z)_lZ’Y

PPV St TN
(%) X'y
Is nothing but BQSLS.

(3) Show that the estimator suggested in (2) can be viewed as a GMM estimator.
Solution: Since
0= E[u|Z]=FE[Y; — X8| Zi]

Multiplying both sides by Z;,

0 = ZE[Y:—X;B|Zi]
E[Z;(Yi - XiB)| Zi]
E[Z; (Yi — X{B)]

Let ¢ (8) = Z; (Y; — X/B). Then if welet m, (8) =1 Y1 o (8) =137, Z (Y; — X|B), we can define
our GMM estimator by letting V7! = (2'2) ™"

1

BGMM = arg minm,, (6)/ (Z/Z)i Mp (ﬁ)



Taking first order conditions,

COE 2amn(§BGMM) (Z'Z)71 mp, (BGMJW) =0
Or
0 = % zj; VAV % zj; Z; (Y - XZBGMM)

1 1 N
= EX/Z(Z/Z) z' (Y—XﬁeMM)

This gives us
X'72(Z'z) 7 (Y - XBGMM) ~0

Rearranging,
X'2(2'2)'2'Y = X'Z(Z'2) Z'XBoym
X'PsY = X'PzXBayum
Or
Boun = (X'P,X)"'X'Py

A, A\—1 . N
- (X’X) XY = Bosrs

(4) Using the fact established in (3), provide the asymptotic distribution of the estimator for 3.
Solution: Recall that

Vit (Benr = 8) % N (0,4)

Where

A= (AB V@A) AGVOWE) [V B) 4@ (4@ [V 6] ABY)
a@) = 20 pizxg
W) = ElpB)e(d)] =E|ZZ (Y- XB) (Y- X/5)]

Here, we have V=1 (8) = E[2;Z]] "

(5) Provide a consistent estimator for the asymptotic covariance matrix established in (4). Justify your
answer.
Solution: A consistent estimator for A () is > 7" | Z;X]. Also, we have that

n
%Z Z,Ze} 5 EZ;Ze] = W (B)
=1

Where &; = (Yi — XiBG’MM)' Finally, since 1 S°7 | 7,7/ 5 E[Z;Z!], we have that

-1 -1

A -1
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1 n
[n i:ZlZin(




Is a consistent estimator of A by Slutsky’s theorem, the Mann-Wald theorem, and the laws of large
numbers.



Question 9:

Consider the system of equation model given by

Yii = Yia¥2i + V13Yzi + T8y + wag,
Y2i Yo3Yzi + T9; 8o + Ui,
ysi = w585+ us,

where x1;, T2;, and x3; are K1 x 1, Ko x 1, and K3 X 1 vectors of exogenous regressors. Let u; =

i
(w14, U2, u3;) and assume that

Solution: Since ¥, = diag (03,03,03),
Equation 3: There are no endogeneity problems here, so each parameter can be identified.

Equation 2:

E [ysmm]

That is, ys; is exogenous for equation 2.

Equation 1:

E [y3iu1i]

And

E [ymuu]

iid

U ~ D(O,Eu)

(1) Assume that ¥, = diag (63,03,03). Determine which of the above parameters is identified.

we have that F [uj;ug;] = 0 for j # k.

E[(25;85 + uz:) uail
E [UQZ.’L‘gZ] ,83 + E [UgiUQi]

o

Therefore, we can identify 55 as well as 3,.

E [(w5;83 + uszq) uyi]
E [urizs;] B3 + E [u1iug)

o

= E|(v93Y3i + T5; 89 + u2;) u1y
= o3 E [uriysi] + E [u1,xh;] By + E [ugiuq)

= 0

Therefore, both yo; and ys; are exogenous for equation 1. Therefore, we can identify v,4,73, and 3;.

(2) How would your answer to (1) change if the off-diagonal terms of ¥,, are not zero? Explain briefly.
Solution: If the off-diagonal terms are not zero, we need to check the order conditions for each equation.
Let Z; be a vector of unique exogenous regressors. (That is, Z; contains all the elements of xy;, all the
elements of xo; that are not elements of x1;, and all the elements of x3; that are not elements of xo; or xy;.)

Z
Let Z =
Z/

Let £; be the number of elements
(3) Provide estimators for all the parameters that you determine in (1) to be identified.
Solution: Since there are no exogeneity problems here, we can rewrite

Y14
Y2; =
Ysi

And estimate using OLS

Y1oY2i + Y13Ysi + 181 + w1 = Wi;01 + ug;
Yo3Y3i + Th; By + ugi = W30 + ug;
xéiﬁg + uz; = Wéi(Sg + usz;

A ERUAT
(WaWa) ™" W3Ys
(WiW3) ™" WhYs

10



(4) Provide a consistent estimator for %,,.

o2 0 0
Solution: Since ¥, = 0 o2 0 |, wecan estimate
2
0 0 o3
A2 _ 1 Al A~
6] = ﬁulul
~2 _ ]- Al A~
65 = ﬁuqu
~2 ]- Al A~
03 = EU3U3

Where ﬂ,j = )/ﬂ - W]IZ&J

11



Question 10:
Let the system of equation model be given by

Yii = Yio¥ei + 2,0y + ui,
Yoi = Yas¥si + Th;Ba + u2i,
Ysi = Y31Y1i t $§i53 + usi,

where x1;, T9;, and z3; are K1 X 1, Ky x 1, and K3 X 1, vectors of exogenous regressors.
(1) Express this system in the concise form

yir = x;B + 'UJQ, (1)

where y; is a J x 1 vector, I' is a J x J matrix of coefficients, and B is a K x J matrix of coefficients.
Solution: Rearranging, we get

Y1i — ViaY2i = 01 + uis
Yoi — VagYzi = Th;SBs + Usi,
—Va1Y1i + Yz = 48B3+ us,

Or, if we assume that x1;, z9;, and x3; have no elements in common,

I =7 0 By 0 0
[y v2i vsi | 0 L =gy | =[ah ab by ]| 0 By O |+ un uz us |
—731 0 1 0 0 By

(2) Verify whether or not the order condition for identification holds for the above system of equations.
Solution: Stacking the above equations, we have

YI'=XB+F
Rearranging,
Y = Y-YI'+XB+FE
I-T
— [y X]{ . ]+E
= |[Y X ]A+E
Where
0 72 0
0 0 793
| I-=-T | | v O 0
A== 0
0 By O
0 0 B

Let R; be the number of restrictions in the jth column of A. Here, we have

R = 24+ Ko+ K3
Ry = 24+ K1+ K3
Ry = 24+ K+ K

If Ry > 3, we have identification of the first equation. That is, if

24+ Ko+ K3
K> + K3

3

>
> 1

12



Similarly, if Ro > 3, we have identification of the second equation. This occurs if

(3) Provide the reduced-form of the model and explain how to estimate efficienty the reduced form
parameters.

Solution: If we postmultiply both sides of (1) by I'"!, we have

yIT™' = 2/Br! 4!
yi = 2 Il+uT !
= zIl+¢

Here, since F [z;e}] = 0, we have that OLS will be consistent. Next, we note that
V(e e

(T st

V(e Xi)

Xi) = (TN V (u;] X;) T
0 =
Then if we estimate using GLS,
oS — (x'0'x) " X'y
we will have an efficient estimator for the reduced form parameters.

(4) Suggest a test for the null hypothesis Hy : 15 = Y93 = 731, against H; : Not Hp.
Solution: Let

Yii = YigY2i + 2B + un = Wit + uyg

Y2i = YosVsi + Th;fo + ugi = Wa,02 + ug;

Ysi = Y311 + @505 4 uzi = Wi;03 + us;
Stacking this, we have

Y1 Wl/z 0 0 i 61 (5]

Yy | = 0o wWj 0 o | + | us

Y3 0 0 Wéz i 53 us

Where

Y12 Vo3 | V31
01 = 09 = 03 =
1 |: ﬂl :| y» 02 |: 62 ] s 03 |: ﬂ3 :|
We can then estimate this using 2SLS, since we have assumed that it is identified.
estimate

That is, we can

~28LS
1
~2SLS o AoaNTL L
b= | 8 | = (W) iy
~2SLS
3

Where

W= (I ® X (X'X)"! X') W

13



The hypothesis we are asked to test is

Hy : TB=0

Y12
1 Ogyx1 Oixi1 Orox1 Oix1 Oxjxi A 0
Hy O1x1 Ox,x1 1 Og,x1 Oix1 Orsx1 7523 0
O1x1 Oryix1 Oix1 Og,xa 1 Og,x1 2 0

V31

B3

~25LS
Let A be the asymptotic variance-covariance matrix for J,, Then we use the test statistic

Wo=n (rSiSLS)/ [CAT] (FSiS LS) 402 (3)
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