Econ 203c, Problem Set 4, Spring 2003

Question 1
4,(00)4,(00)" = (l/nz 8lnf(yé,0x,~;90) )(l/nz alnf()éié,?ci;eo) )
By Law of Large Numbers, 4,(6y) 5 E(m)

00
Because 0, is the population parameter, E(W) =0

Therefore, 4,(00)A4,(00)' is not a consistent estimator for 7(0,). The outer product
of the gradient or hessian forms are consistent estimators.

Question 2

0 (fy)*
f(x,y) = T

Because each of the sub-parts of this question rely on results from other parts, I'll
answer it out of order by examining first all of the distribution questions.

Note that this joint density is a mixture of two distinct distributions:

—(p+0)y X B X
Sy = L B (oo 2By i) s e

where f1(y) = e is an exponential distribution with parameter 0.

e P(By)r . : U .
and f>(x|y) = — . Isapoison distribution with parameter py.
This answers [5)] and [6)].

[3)] Show ftx) = y(1 —7y)*

You could try to calculate this directly:
w Qe BOV(By)*

f(x) _ J’ e (ﬂJ’) dy

y=0 x!

Instead, let’s use the other information provided in this problem.
If we assume the condtional distribution from question 4)



- X
foky = 2EZ "

And use the definition of conditional probability:

ok = L5 o o) = fey)

Sx)
Then,
A ¥ . ~ i
SOfx) = wy(l —y)¥ = yAe y();):!(l 7))
_ yAe (A= Ap))*
- x!
= fx,y)
— }//le"ly(y(,l_/ly))x _ Qe_(ﬁ”’)y(ﬁy)x
x! x!

This implies (1) B = (A—-1y), (2) (B+0) = A,and (3) yA =0
(2)and (3)imply: B+yA =1 = B =1-yL =(1)

Thus, fix) = 7(1 - y)*
and y = 0/(B +0)

Note that the marginal density for x is negative binomial with parameter y (one trial)
and E(x) = (1 -y)/y, V(x) = (1 - y)/y*.

re ™ (Ay)*
x! ’
Next note that f{y|x) is a gamma distribution. The general pdf for a gamma

[4)] By the same argument, we can show that f{yx) =

distribution with parameters » and 1 is

— A r-1,-Az
SO =
Here, define (r— 1) =xand z = y.
Then,
x+1 A2 AV) e
SOlx,A) = /lx—,yxe*y = (y+

Therefore, fG|x) integrates to 1 as this is a pdf.



From the gamma distribution, E(vx) = /A = % and V(x) = /A2 = X ;21

Now, I'll answer the MLE questions in order.

1)
a) MLE

InL(0,B,x,y) = In(0) — (B+0)y +x(Inf + Iny) + g(x)
OInL(0,B,%)) _ |,

20 =1/0-y
For a random sample of n observations,

oInL(0,B,x1,....%Xn,V1,--»Vn) —w6-3y,
R 00
= Gml = L
DV
olnL(0,B,x,y) _
B =—y+x/p

For a random sample of n observations,
OInL(0,B,x1,....Xn,V15---sVn) _ —Zyi N l/ﬁzxi

op
=P 5,

b) Asymptotic joint distribution

@ml 0 d 0
( ~ - )_)N( 9](09 )_1)
ﬁ[ﬁm}[ﬂJ [0] ’

2 InL(0, B,x,y) 0*InL(6, B,x,y)

where (0, f) = B 06* ) 0poo )
P _E( 821nL(0,/3,x,y)) K 821nL(0,ﬂ,x,y))
000p opop

0?InL(0, B,x
002

—E( Dy _pC16?) = 102



o*InL(0,B,x,y) , ., 02InL(0,B,x,y),
—E( 200 ) =~k o0 )=0

2
TR - B - Ewip?

_E(

Since 1(0, B) is block diagional:

I(H,ﬁ)l[ o0 J
0 BUEX)

Thus,

O 0 d 0 0> 0
(| 4 - ) > M ) )
A Ll ]l ]
sinceE(x)z(l—y)/yZWZQ

2)
Leta = 0/(B +0) = g(6.p)

If (0, B) is continuous and continuously differentiable then,
by the invariance property (see Greene, p.473),
n

/a\ml = /Q\ml/(/ﬂ\ml + @ml) = Zyl

_ n
ZX,‘ + n in-i-l’l

Zyi Zyi

Asymptotic distribution:
1 @ — ) > NO.I(@)™)

Wherel(a)‘1=[ ag(a%ﬁ) ag(aeﬂ’ﬁ) JI(H,ﬂ)_I[ ag(aeéﬂ) agéeﬁ’ﬂ) :|

9g(0.p)

| og,B) 0g(6,p) 02 0 20
- o0 op 0 BUE®X) 026, )
op




0g(0, B) _ 0g(0,B) _ _9(ﬁ+9)_2+ 1(ﬁ+9)—1 — L

o0 20 (B +0)>
og6,p) _ o ___ 0
op T VBT =
. 5 6 > 0 (B+ﬂ@)2
He) z[ B+0° (B+0) J 0 pUEW || ___ 0
B+ 0)?
5
_ por  __ op’ (B +6)>
B0 GrOE® || 0
(B +0)?
BB 0P 8
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Or we can calculate the MLE of this parameter directly from the marginal
distribution of x:

fx) =y(A-y)*andy = 0/(p +0)

InL(x) = In(y) + xIn(1 —y)
InL(x1,...,x,) = nln(y) + In(1 =) D x;

oInL(x1,...,xn) > o xi




= (1=-y)y=1ndx
= l/y—-1=1n>_x
= ?lnl = !

1/n le' +1

= ﬁ@ Ol B,y + Omr))

3)

We already found the MLE and asymptotic distribution for this in question 2):
aml = ?ml

4)
Ae P (Apy)*
Sk = 2R
where L = f+0
o A Y
By the invariance property of MLE, A, = B, + 0. = Z—
Vi

Using the delta method,

JT Qo = 1) S N(O, W)

where ¥ = [ 1 1][902 9(; ][ 1 ]92+9ﬁ

Or...
You could derive the MLE for A directly:
InL = InA - Ay +xIn(Ay) + g(x)

Olnl _ _ X
i /A -y+ 1

MLE for a random sample of n observations:

VA(n+D x:) =Dy



5) Ay) = e~ is an exponential distribution with parameter 6.

Since this is the same 0 above, we have already calculated its MLE and asymptotic

distribution.
aml = L

Zyi

J7 @ — 0) S N0©,62)

e P(By)* . . P ,
6) fixly) = — 1 isapoison distribution with parameter py.
Since this is the same f above, we have already calculated its MLE and

asymptotic distribution.

From above: Bm, = 2%
2.vi
. . ~ i 1/ i
In this case, conditionalony, f , = Zn; = nny ’

which is simply the standard MLE estimator for a possion distribution divided by y.
[Recall By is also the mean of this poisson distribution.]

Asymptotic distribution:
o~ d ﬂz
Ji By =B = NO, )
p_ B _ B
EGxly) By Y

where



Thus, yii (B,, - ) % N0, L)

Another way to show this...
Again, recall that the asymptotic variance for any poisson distribution is the same
as the parameter, which in this case is By (I showed this during section, but it is easy

to prove).
B is a function of this parameter:
B =gy = 2.

Using the delta method,

G (B, B) S N, (%@”Vﬁw

9g(By) _
T = 1y

where

and (%ﬁ”ﬂﬁy - apdpy= 5.

Question 3:
pr(yilxi;0) = O(xiy)

1) A problem with non-linear models is that the population parameter vector loses

OEQXY)

it's simple definition of = e

Here % = ¢(x}y)y, where ¢(x}y) is the pdf for the standard normal.

Hence y is a non-linear function of the data.

2)
Ly, oymxts..oxn) = [J@GGy)Y (1 - @(xy)) '~

i=1



InL = yiIn®(xjy) + (1 —y) In(1 — O(x7))

or

InL = Zy,-:l In®(xjy) + Zy,:o In(1 — ®(x}y))

. dInL (X7, )xl o7 )xi
FOC: @InL _ _ n _
OC ay Zy =1 (D(x/ Zy =0 1 (I)(xﬁ/\n) 0

3) Asymptotic Distribution:

Jn (7,70 5 N0, Ao)

where Ag = 1(yo)™!

2
and I(yo) = —Eo( 0 1UL(7’0P/,X) ) = Eo (alnL(yo[y ,X) O0InL(yoly,x) ),
Y007 o Y0 70

which is the negative of the expectation of the Hessian matrix of second derivatives
of the log likelihood function for a single observation.

4) Estimators for the asymptotic distribution.
A — A —
The two estimators: A, = (/(7,),)™" and Az = (I(7,),)""

where

—_— 2 . .

17,), = ~1/n), 0 ln;;gg”x’) =5 (based on the Hessian matrix)

and

@2 =1nYy, alnL(aJ;b}"’x") alnLg;[,y"’x") |,-5 (based on outer-products of
gradient).

Show consistency: A1 % Ao and A2 % Ao
Assuming these functions are finite, by Law of Large Numbers,

62 ll’lL( ,-,x,-) 82 ll’lL( ,x)
~1/n3. ay(;l/)j ly=ro = _EO(Ty)|yyo




and 1/n Y INLGWix) OlnL(ylyi,x) OInL(yly,x) InL(yly,x)

p
|7=}’0 - EO(

87/ 6}// ay ay )’7:}’0
(Notice that I'm evaluating these functions at the true parameter, yo. This notation
. 0?InL(y|y,x) 0*InL(yoly,x)
is the same as, e.g.—FEo(——————%>)|y—y, =—F .
g 0( 8}/87// )’}’ Yo 0( 6'}/8}// ))

Assume: 7, 5 o

Then by Slutsky,
0*InL(y|yi,x:)

- 0*InL(yoly,x)

I — -1/ - 5 _F ’

(yn)l nz a,}/a,y/ |7 Y 0( 8}/06,}/6 )

and
— olnL iy Xi OlnL isXi olnL X olnL X
17,), =12 E;,[y ) é);[,y Ly, 5 Eof a(;;w ) ggw )

—_— —_—
Again by Slutsky and assuming /(y,), and /(7 ), are invertible,

~ ! 02 InL(yoly,
R
070

~ =" OlnL ,X) OlnL ,
and R, =1(7,), & Fo( SRl SREDI ) ) <
Vo 70

) =1(yo)™" = Ao

~Nop N
Thus, A1 = Ag and A, > Ay.

Question 4:

1) Matlab code is attached.
Results:

(B, B, Bs»By) = (0.8228,0.9289,-0.8624,0.3941)



My stata estimates, which are probably "better":

probit y x1 x2 x3 x4, nocons

y | Coef. Std. Err. z P>|z| [95% Conf. Interval]
x1.9217028 2209755 4.17 0.000 .4885988 1.354807
x2 | 1.020736 1093184 9.34 0.000 .8064757 1.234996
x3 | -.9670356 1032077 -9.37 0.000 -1.169319 -.7647521
x4 | .4484955 .0767641 5.84 0.000 .2980406 .5989504

2) Covariance matrix

The log likelihood function for a single observation:
InL = ylog(®(x;B)) + (1 -y)log(l - @(x;B))
where x; = (x1;,x2,x35,x4)" and B = (B1, B2, B3, B41)’
(x; is kx1 and g is kx1)
olnL _ . _ 1 ad)(xéﬁ) 1 1 0D (x;B)

o~ o g U T T 0wp) o

B _ $(x;p)
= owp T T e ™

0D (x; )
ox; B

dlnL
(== op is kx1)

Using the outer product representation, the information matrix is

since = ¢(x;B), where ¢(-) is the normal pdf

olnL \,dInL
I(B) = (Fz= B G B )" (kxk)

A consistent estimator for this information matrix is

— n o (x;B) $(xiB) '
IB) =1/ —yi———=xi+ (1 —yi) —————x)) (i ——x; + (1 —y;)) ———"—x;
By = n 2o i (=2 ,mx)(ycb(xiﬁ) T )



—-1
1(B
n

Therefore, a consistent estimator for the asymptotic covariance matrix is

Results:
[ 0.0514  0.0060 —-0.0167 —0.0011 |
—-1
I(B) | 0.0060 0.0149 -0.0125 0.0067
n 20.0167 —0.0125 0.0156 —0.0074
20.0011 0.0067 —0.0074 0.0087

Standard errors:

SE(B) = (SE(B1),SE(B2),SE(B3),SE(B4))
= (0.2268,0.1221,0.1248,0.0933)

3) Hypothesis test:
H, : ﬂz +ﬂ3 =0
H : ﬂz +ﬂ3 +0

One could use any of the three classical tests: likelihood ratio, wald, or lagrange
multiplier, and in practice it is often a good idea to try all three. The simplest in this
case is probably the wald test.

1
Test statistic: W = [c(ﬁ) — O]’w[c(ﬁ) — 0] and W~y?*(J) under H,
where ¢(B) = B, + B,

Since there is only one restriction, this simplifies to

(B, + B3)?

V(B,) + V(B5) + 2cov(B,, B,)

W =

and W~y?(1) under H,

The denominator is derived by applying the delta method.

— e~

From the results above, V(B,) = 0.0149, ¥(B,) = 0.0156,

—_—

and cov(B,, ;) = —0.0125



(0.9289 — 0.8624)

0.0149 + 0.0156 -2 » 0.0125 0500

W:

W critical value at 95% is 3.84
=Fail to reject null hypothesis.

4) Elasticities
At the sample mean, w = ¢(xP)P

Estimated: ¢, = W% = d)(TB)ﬁ%

Results:
€yx, = 0.2295,8,,, = —0.2115,¢,,, = 0.0906
5) A new parameter:

Bi1B>
0 =h(B)="——
B3 o
By invariance property of MLE, the MLE for §, 6 = ﬂigz =1.0277.
B

Asymptotic distribution:

Ji (B —3) 5 N0,I(5) ™)

where 1(6)' — AI(B)1A" and A — [1B). () Oh(B) h(P) |

0P 0P op3 0P 4
A [ﬁz Br _, 1B 0]

Bi B3 B3
A consistent estimator for A is A = [f—g [j—; - ﬁi[jz 0].
Bs B B

And a consistent estimator for /() is given above.



Therefore, the estimate of the standard error is

o~

SE() = (X%Z)W = 0.1961



