Econ 203c, Problem Set 3, Spring 2003
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B, =M zx)Tizy
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1) Assume IT > Il

JT (B, — B) > N0, Ao)

where Ay = (ITy2.,) "' Ty VolTo(ITH2.0) 7,
plim1/nZ'X = %.,,
and by CLT 1/y7 3 zie; > N(O, Vo)

N\ P 1
2) Assume IT > V' X.,

JT (B, — B) > N(O,A%)

where A* = (L V520 'Sl Vs VoV S (EL V5 S.0) ")
Simplify: A* = (L. V' 2.)"!

3) Show that the asymptotic covariance in 1) is at least as large as the
asymptotic covariance in 2).
This implies (Ao — A*) is positive definite. (Actually, "at least as large" implies
positive semi-definite).
Show (Ag — A*) = (ITHZ=) ' VolTo(Ip2z) ™' = (EL V' Z2) ™ = 0

To make this proof easier, first normalize the probability limit of the weight matrix,
IT1,. Without loss of generality, normalize I, = .. ®~! where @ is a positive definite,
invertible matrix. Thus,

(Ao —A*) = CLO'Z.) " ZL0 V0 EL(ELOTE) " - CLV'2x)!

Note that for any two matrices 4 and B, (4 - B) > 0iff (B~' —47!) > 0.
Thus, (Ag— A*) > 0

Iff Z;x Valzzx - Z;x®7lzzx(zéx®71 VO®7lzzx)712;x®7lzzx > 0

N 750D SNESD YN« Tt Y YN it 011 Rt S Rt SN () Tt Y



= 2LV P~ V0 2 (ZL O Vo® ' 2,)  EL O 1Y PR,

— HPH'

where H =3, V"2 and P = [I - V* O 1S (SLO V@ !13.,) 15,0 V]
Note that P is a projection matrix and idempotent (P'P = P).

Thus, (A¢ — A*) = HPH' = HP(HP)' > 0
HP(HP)' is positive semi-definite.

Question 2

1)-5) See attached Matlab code and output.

6) GLS and OLS coefficients slightly different.

7) Standard errors for GLS are smaller than OLS standard errors.

8) The easiest way to solve for restricted estimators in this SUR framework is to
rewrite the X matrix as

xl1 x2 x3 x4 0 0 0 O O O
X= 0 0 0 O x5 x6 x7 x8 0 O
xI x2 0 0 x5 x6 0 0 x9 xI0

Then the OLS estimates are 8 = (X' X)"'X'Y.

You could also compute GLS estimates by using this first stage OLS estimates to
compute the residuals from the system and estimating the restricted covariance
matrix.

To see why this restricted X matrix implies the restrictions, let’s consider a much
simpler case.
Y1 = Prixi +e;



y2 = Brix1 + €2
The restriction is 11 = Ba.1.
The restricted X is therefore:
X1
X, =
Contrast this to the general, unrestricted SUR setup:

X1 0
X, =

OLS estimates for the restricted model:
Bois, = (X,.X,)"'X.Y is simply a scalar implying B1.1.05 = Ba.1.0is-

Whereas Bos. = (X, X)X, Yis 2x1 implying two potentially distinct parameters.
Essentially the restriction decreases the amount of exogenous variation in the

system, which if there were endogenous regressors, could make identification more
difficult.

9) The original, unrestricted, system:

vi = Prax1 + Biaxa + Pisxz + Praxs + €

v2 = Pasxs + Barexe + Pa1x7+ Pagxs + €2

v2 = B3ax1 + B3pxa + B3sxs + Paexe + P3oxo + Baioxio + €3

4 Restrictions: f11 = f3.1, P12 = P32, P25 = P35, Prs = P3e-

Ho : Bii— P31 =0,B12—P32 =0, fas— P35 =0,and Brg— P36 =0
Hy : Bia— P31 #0,B12— P32 # 0, fas—P3s = 0,and fars— P3s = 0



Form an F-test:

/ 2 — —
Fsar = (RBois — q) [R(/G\ (X'X) IR/] I(RlBols - q)
where 6 is the estimated homoskedastic variance, X is the original, unrestricted big

10000O0O0OO0-1 0 0 0 0O
R_OIOOOOOOO—IOO

00001000O0O O0O-1 00 ’

00000100 O0O O O -1
and g =

S O O O

F yar~FT4,500]

Result: Fy, = 0.0616
F95% =2.37

Fail to reject null hypothesis.

Question 3:
(I used Matlab for all of the calculations)

1) OLS
Eq1 Leta1 = [}/1 ﬁu]l and X1 = [y2 x1]

o105 = (X1 X1) ' X1

-1 -1
| oy i yvi | _| 103 6
X2 Xix1 X1y 35 4



| 0.439
0.5366
Eq2 Let oy = [}/2 ﬂzz ﬂ32:|, and X, = |-_)/1 X2 X3]

020 = (X5X2) ' Xoya

YL YiX2 Yixs Yy 20 3 5
=| X1 xpxa xpx3 X572 = 3 10 8
X3¥1 XXz X3X3 X3)2 5 8 15
0.1930
= 0.3841
0.1975

2) 2sls

Eq.1:
Instruments for y, and x;: Z; = [x1 x2 x3], X1 = [y2 x1]
a2 = [(Z1(Z12)7' 2\ X)) X1 17N Z1(Z12,) 7' Z1 X)) '

SR VAT VAVAY VAP, CU D VAT VAVAD IV ARY

YHX1 VhX2 VhX3 36 7
XNzo=| ] s - Zix)
X1X1 X1X2 X1X3 523

xix1 xix2 xixo 5 2 3
(Z\Z1) = | xhxi xhxy xhx3 = 2 10 8
XAX1 X3X2  X5X3 3 8 15

Xy 4

Ziyr=| xh =1 3

X3)1 5



0.3688
A125s =
0.5787

Eq.2:
Instruments for y;,x,, and x3 : Z> = [x1 x2 x3](= Z1), X2 = [y1 x2 x3]
ZRNNE NP CYALVAVAD VAV, YD CYALVAVAYIRVARE:

yixr yixa yixs 4 3 5
XoZi = | xhxy xhxy xhxs = 2 10 8 = (Z1Xy)'
X5X1 X3X2  X3X3 3 8 15
X1y 3
Ziyr=| xhy =] 6
X512 7
0.4844
0225ls = 0.3672
0.1094

Covariance Matrix

Eq. 1:
Waizs) = Y1V (Zen)Y)
where ¥, = [XlZl(Z’lZl)‘lZ’le]‘l)(”lZl(Z’lZl)‘l

Under the assumption of homoskedasticity, V(Z\&1) = 62Z,Z;.
And V(a1 255) simplifies: V(a1aas) = 03[ X1 Z1(Z12,)7' Z\ X1]™!

Estimate G%: 6'\% = (1/1’1)6’161 = (l/l’l)(y] —Xlal,zm)’(yl —Xlal,zsls)
= (Un)ywy1 - a,l,ZSISXIyl — VX e s + a,l,Zsls 1 X102
(1/n)ele; = 0.6104



0.2151 —0.1290
Maiaas) = [X1Z(Z121)"' 2\ X0 ] =
~0.1290  0.1995

Eq. 2:
2
V(“Z,Zsls) = 6\2[AX,221(Z,121)_1Z/2X1]_1
2
62 = (Un)[yhy2 — ah 20 Xay2 = Yo Xo@aus + @ 2 Xo X202 245] = 0.2684

0.1324 -0.0077 —0.0400
V(aaosis) = | —0.0077 0.0473 —0.0226
—-0.0400 -0.0226 0.0433

3) LIML for eq.1

There is a procedure in Greene (ch. 15) to calculate this. LIML is asymptotically
equivalent to 2sls. LIML is rarely, if ever, more efficient than 2sls, which does not rely
on a normality assumption. In addition, LIML is a pain to compute.

4) 3sls (Generalized 2sls)

We first need to estimate the covariance matrix using the residuals from the two

equations estimated with 2sls.
$_ (1/n)eler (1/n)e)e;
(1/n)ese; (1/n)eyer

From above: (1/n)eje; = 0.6104 and (1/n)e}e; = 0.2684.

(l/n)ellez = (1/1’1)6’261 = (1/1’1)(}11 —Xlal,zsls)/(yz —Xzaz,zszs)
= V2 — @ pqX1y2 = ViXo@220s + 0 5 X1 X20022405]



= —-0.2743

0O 0 O Xl ... O
Define: X = r2 X = , Y = 1 ,
0 0 yi x2 x3 0 ... X2 V2
0O 0 O Zl ... 0
z-| T _ V=S®I,anda=| “
0 0 0 X1 X2 X3 0 . 22 as

A A A/
O3sls = [X Vil)(]le V'Y where X = X'Z(Z,Z)AZ,

a1 el /6\11 /6\12
-1 _ —
V=% &I, 2 A2 A2
(o2 (o2
/\11/\’ A2
XVIX— X1X1 o Xle
,\12/\’ ,\22/\’
X2 Xy X2 Xp

X2 (Z 207X 6 X\ ZU(Z,Z) 2, Xy
XoZU(Z\ 202X 6 XA (ZV2) 2 X,

Al
(@
B Al
(o

,\11

XZ](Z Z]) IZIyl
XZ](Z Z]) lzlyz

A/ :
XV'Y = ,\22

0.3688
0.5787
Q3sls = 0.4715
0.3104
0.1644

5) Indirect OLS

Reduced Form:
vi =viy2+ Buxi +&; (1)

V2 = vay1 + Paxs + f3xz + €2 (2)



Substitute 1) into 2):
v2 = Y2(y1iy2 + Puxi +€1) + Parxa + Paxz + &2

Rearrange:

y2[l = v2y1] = v2Bux1 + Baxa + Baxs + (€2 + y281)
v2P11 ot B2 o+ B2

= + (82 + 728
V2 1—72)’1 1 1—7/27/1 2 1—y2y1x3 (2 Y2 1)
=01xX1 +012X2 +013x3 + 11
v2P11 B2 B
= + + + (2 +7261)] + +g
Y1 Yl[l_yzylxl T 2 Ty ™ (&2 +y281)] + Buxi +e
v1v2P11 v1P2 v1P32
= [ + + + (1 + 7182+ 71728
Y1 [1—7271 Biilxi T 2 T (&1 + 7182+ y17281)

= 021X1 +022X2 +023X3 + 12
Define: 6, = [511 012 513], 62 = [521 02 523], VA [X] X2 X3]

OLS estimation of reduced form parameters:

1 —_ — f—

52 3 4 0.6809
Sros = (Z'2)Zyy=| 2 10 8 3 | =] 0.0106
3 8 15 5 0.1915

_ e - _
52 3 3 0.3298
S20is = (Z'2)'Zy2 = | 2 10 8 6 | =] 0.3298
3 8 15 7 0.2021

Solving for structural parameters:

v2P11
0.6809 = ————— 1
T 727, (1)

P2
0.0106 = ——— 2
771 2)

B3>
0.1915 = ———— 3
T— 271 3)

7172ﬁ11
0.3298 = =——— + )
=y Bun 4



0.3208 = —L1B2 (5)

1 —ya2y1
v1P32
0.2021 = ——— 6
T 727, (6)

Note: This system is over-identified: there are 6 equations and only 5 unknown

structural parameters. Equation 1 is over-identified and Equation 2 is just identified.
Because the system is over-identified, we cannot solve for a unique estimate of the
structural parameters.



