Problem Set 2, Suggested Answers

1)
a)
property 1)

Let A be mxk, B be nxl, C be kxw, D be Ixj
(A®B)(C®D)=A4AC® BD

ainr ... dik ci1 ... Cilw
A= : : C=
| Aml ... Amk Ckl ... Ciw
b1 b1 di dy
B = D = :
| bw b dn dy
a11B alkB C11D
(AQ®B) = (C®D) =
amB ... auB cuD ...
a11B alkB C]]D C]WD

A®B)(CQ®D) =

amB ... auB caD ... ciuwD

1,1 element of (4 ® B)(C ® D) is

k
anBeciD+...+a1 BcuD = ayiciiBD +...+acnBD = Za1ici1BD

i=1

ainr ... dadig ci1 ... Cilw
AC =

Aml ... dAmk Ckl ... Ciw

k
1,1 element of ACis > ayci

i=1

CiwD



k
1,1 element of AC ® BD = >_a.cuBD

i=1

Thus, 1,1 element of (4 ® B)(C ® D)=1,1 element of AC ® BD.

Can apply same argument to all elements and thereby prove all elements of

(A4® B)(C® D) and AC ® BD are the same.

property 2)
A®B) =4'"®B
anB ... auB
(A4®B) =
amB ... auB

1,1 block of (4 ® B)'is (a11B)' = B'an

/
air ... aml b11 bnl (1113
A'®B' = : : ® : : =
/
alk ... Amk b][ bn[ alkB

1,1 block of A’ ® B' is (a11B)' = B'a;; =1,1 block of (4 ® B)'

Same argument for all other blocks.

property 3)
Let A be nxn, B mxm

A®B)'=4"® B!

For any invertible matrices C and D,
if CD™!' = Ithen C-! = D!

Thus, (4 ® B) (47! ® B™!) = 447" ® BB~! by property shown in 1)

AA™1 ®BB_1 =1, 1, =1L

(lmlBl

aka’



b)
y=U®X)r+u
EuX]=0and V(ulX) =X ® 1

1) Show
o = [ ® X X)Xy

This is the case of identical regressors (see lecture notes)

LetX* = I ®X), theny = X*7+u

Tgs = XE®D'X)'X'E Dy
=((X)Z'®NU®X)'I®X)Z! ® )y by property 2) and 3)
= (C'®X)U®X) "' (E' ®X)y by property 1)
= !TXX)'(Z! ® X)y by property 1)
= ® XX I ®X)y by property 3)
= (I ® (X'X)"'X")y by property 1)

This is just OLS: 7Ty = I @ (X' X)X )y = Tos = (X' X*)IXY)y

2) Show V(71X) = 3. @' X)!

V(@lX) = AVHINA'

where A = (I ® (X'X)"'X")
Vo) = (I @ X)m +ulX) = V(ulX) = 3 &I

V(7@X) = AVOIDA = 1@ X'X) ' X)) @D ® X(X'X)™") by property 2)
= WX X)) ®X(X'X)™") by property 1)
= 2 (X' X) ' X'X(X'X)™") by property 1)
=2 ®Wx)"

3) Show Oy, = (G'A7'G)'G'A 7t gs Wwhere A = V(7 g, X)



= ([ ®X)GO +u

Oas = (GURXN'CRD'UI®XNG)'GUIRXN)ERD !y
=(G'C'XN'UIXNG)'GET®X)y
= (G XXN'G)'GET Xy

From above: 4 = V(ZgslX) = D QX' X)™!
glv (G/A IG) IG(Z 1®X)y

From above: g, = (I Q@ (X' X)"1X)y
Oy = (G'A'G)'G'E' @ X XU ® (X' X)"'X')y
since C'®X) = C!'XX)I® XX)X)

Ogs = (G'A'G)'G' A ' R g
Question 2:

yi=a)+pxi+ey

Yoi = Q2 + €

Prove:

1) Qi grs = Q1ois AN A2gis = A2,00s

where Q15 = 7, — BIMY =y, since X assumed zero.

and aZ,ols = 72

2) ﬂgls 51ﬂlols+52ﬁ201s

Zyllxl
le and ﬂZolv

Zy21xl
2

where ﬂl ols =

This is the two equation case from lecture notes.
Let x; = [s x] and x, = s where s is a vector of ones.

bl,gls = I:al,gls ﬁgls] and bz,g]s = [aZ,gls]
bl,ols = [al,ols :Bols] and b2,ols = [62,015]



Proof of 1)

o o
bZ,gls = b2,0ls - G—ﬁ(xlzxﬁ) lxz(yl _xlbl,gls)

A A G p— A
02.¢ls = 02,0l — G—ﬁ(SIS) lsl(yl _Sal,gZS)

oA — (0} —_ ~
) Gogs =V, - g_ﬁbﬁ — 01,615

since s's = N, (s's)™! = 1/N, and s'y; = D vy

By same argument,

6 _ !
bl,gls = bl,ols - 6_£(xl1xl) lxl(yz —x2b2,gls)

ii) a‘\l,gls =yV,- g_;[yz - a‘\2,gls]
Note:
, N le- N 0
(x1x1) = =
2oXi Dox; 0 > xf
) 1/N 0
(x1x1) b=

Substitute ii) into i):

O2gls = Vo~ g_ﬁ[)ﬁ {7, - G_z[yz — U2gi5]7]
=Va— G_ﬂ[o_;[yz — U2,g15]]

_ = _ 021 01— 021 012
Y27 o1 on V2T G oa ¥k
~ 021 O12 021 012 1=
a - === =[1-+4—=—=
205 O11 Gzz] [ o1l 022 17

ThUS, (’iz,gzs = 72 = QA20ls

Substitute again

~ — G — —
al,glx:yl_g_z[yz_yz]

ThUS, U1gls = 71 = A1,0ls



Proof of 2)
bl,gls = bl,ols - 022 (X]Xl) xl(y2 _xzngIS)

_612 x'y _
ﬁgls ﬁlols 622 Zx sz ﬁgls

Note: (xjx1)'x, = VN0 s
0 1/> x? x'

o1 th S
lBgls IBI ols 022 [ﬂZ,ols - Z 2 ﬂgls]

% 01273
- ﬁl,ols - 02 ﬁz’OIS
Thus, B, = 61, 5 + 628,

where §; = 1 and &, = —g—;

Question 3:

Y1 =y1y2+ Buxi + Paxz + Baixz + €
v2 = vay1 + Biax1 + Paxz + Paxs + €2

a) Rewrite equations:
yi—y1y2 = Buxi + Paxz + Baixz + €1
—yoy1 +y2 = Praxi + Paxs + Paxs + &2

. 0 B P2
1“|:_ 71/2 :| I—F|: 7;)2 :| B=| pa Pn
. 7 B3 Bz



0 72
yi 0
A= pu Pn

B2 P
| Bai Px

Check order condtion:
Eqg. 1: m=2, R, = 1, not id.
Eqg. 22 m=2, R, = 1, not id.

b) Each of these restrictions changes the A matrix

1) Eq. 1: m=2, R, = 2, justid.
Eq. 2: m=2, R, = 2, justid.

2)Eq. 1: m=2, R, =1, notid.
Eqg. 2: m=2, R, = 3, over id.

3) Eq. 1: m=2, R, = 2, just id.
Eqg. 22 m=2, R, = 1, not id.

4) Eq. 1: m=2, R, = 1, not id.
Eq. 2: m=2, R, = 2, justid.
(I think my answer in the previous "suggested answers" was not correct.)

5)Eq. 1: m=2, R, = 2, justid.
Eqg. 22 m=2, R, = 1, not id.

6) Eq. 1: m=2, R, = 2, just id.
Eqg. 22 m=2, R, = 1, not id.

7)Eq. 1: m=2, R, = 1, notid.
Eqg. 22 m=2, R, = 1, not id.



8) Eq. 1: m=2, R, = 3, overid.
Eqg. 2: m=2, R, = 3, over id.

9) Eq. 1: m=2, R, = 4, overid.
Eqg. 2: m=2, R, = 3, over id.

Question 4:

0 =y 0 0
Y21 0 -y —yu
0 -y 0 -yu
-ya1 —ya2 0 0
A= 0 B Pz Pu
B2 1 0 PBu
Bsi B Pz O
0 0 Paz Paus
0 Bn 0 0

Check order conditon:
eq.1, m=4, R, = 5, over id.
eq.2, m=4, R; = 2, not id.
eq.3, m=4, R, = 5, over id.
eq.4, m=4, R, =4, justid.

Cannot identify the parameters in the second equation. Can identify parameters in
all other equations.



