Econ 203c, Spring 2003, Final Exam

Question 1
yi=xip+yz +u
Z1 = Z? + Vi

Zyi = Z? + Vi
Assume: Elu|x;,zf] = cov(u;,vi;) = cov(u;,vz) = 0 and cov(vi;,va) + 0

Note: There was a typo that was not corrected during the exam: cov(vi;,v2) = 0. |
will be very lenient in grading this question. The rest of the answers for this question
assume cov(viy;, va;) = 0.

1) Show LS for y not consistent
Using z;; and substituting

yi=xiB+y(i—vu)+u
= x;B+ vz + (u; —yvi;)
= xéﬂ+y21,-+8,-

Prove consistency:
Let W = [x z{]

HEAES
14 14

plim{|: /ﬂ\ ] |: p :|} = plim(1/nW' W) 'plim1/nW'e
14 Y

Assume plim(1/aW'W)~" is finite.
1/n EX,'S,'
plim1/nW'e = plim1/n Y Wig; = limmc 1/n Y E[W;g;] = lim 2 Elxiei]
I/HZE[ZUS,']
E[X,'Si] = E[xl-(u,- - 7/V1i)] = E[xl-u,-] — yE[xivli]

E[x;u;] = 0 by assumption.
Although it is not stated in the problem, we could make a further assumption that

E[xl-vli] = 0.
With these two assumptions, E[x;g;] = 0.
E[zie:] = E[(z] +vi)(ui — yvii)]
= E[z}u;] + E[viiu;] — yE[viivii] — YE[z] v1i]



= —yE[viivii] — YE[z}vii]
This does not in general equal zero.

X ™

Therefore, plim1/nW'e + 0 and plim|:

1]

2) A consistent estimator for y could be found by using z,; to instrument for z;;.
Let W = [xz]and G = [x z2].
Following the same steps as above
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Assume plim(1/nG'W)~! is finite.
1/n ZE[xiSi]

lim1/nG'e = plim1/n)_ Gig; = limu.o 1/n Y E[Gig;] = lim,.«
P P Z Z |: 1/1’12E[Zz,'8[]
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Elxiei] = Elxi(ui —yvi)] = Elxiu;] — yE[xiv1i]

Here we need the assumption that E[x;v;] = 0.
Therefore, E[x;e;] = 0.
E[ze:] = E[(z] +vai)(ui — yvii)]

= E[zju;] + E[vou;] — yE[vavii] — YE[zv1i]
For this to be zero, we need to assume each of these four components is zero.

With these assumptions, plim1/nG's = 0 and plim|: f ] = [ P ]
14 14

3) If cov(vai,u;) = 0, then the estimator in 2) will not be in general consistent.

4) If E[uix;] # 0, the estimator in 2) will not be consistent. Any endogeneity in a
model will contaminate all of the coefficient estimates.

5) Given that x; is now assumed to endogenous, we would need an instrument for
it. We could use one of the z;s as an instrument but there are not enough of them to
both instrument for x; and for the other z;. Hence without more data, there is no



consistent estimator for y.

6) With the assumption that E[u;|z}] # 0, we would need an instrument for z;.
Since both z;; and z;; would be endogenous, neither are legitimate instruments. Again
without more data (more instruments), there is no consistent estimator for y.

Question 2

/
Yi =2ziYo+tvi

1) This is an ordered multinomial choice model.
L(yo, 1, p2) = T [T pr(y = jlzi)],

where

z;; = 1 if i chooses choice j, 0 otherwise

and

pr(yi = lz;) = pr(y; < pilz:)
= pr(ziyo +vi < wilz:)

= pr(vi < w1 —zjyolz:),

pr(yi = 2lzi) = pr(p <yi < polzi)

= pr(p) < ziyo +vi < 12)

= pr(vi < p2 —zpyolzi) — pr(vi < w1 —ziyolz:),
and

pr(yi = 3lzi) = pr(y; > palz:)

= pr(ziyo +vi > walz;)

= pr(vi > p2 —zjyolzi)

2) Assume vilz;~i.i.d.N(0,02)

First normalize o, = 1.
The likelihood function is

L(']/O,Hl,ﬂz) = H?zl [H]'Llpl”()}[ :jlzi)zﬁ],

where pr(y; = 1|z;) = ©(u1 = ziyo), pr(yi = 2|z:) = ®(u2 — ziyo) — ©(p1 — ziy o),
pr(yi = 3lz;) = 1 = ®(u2 — zy0), and @(-) is the standard normal CDF.



Completely written out, the likelihood function is
L(yo, 1, p2) = T {@(u1 — ziy0) " [@(u2 — ziy0) — @1 — 2;70) ] [1 — ®(u2 — ziy0)] ™'}

In this model we are estimating yo/o,, i.e. yo up to some unknown scale factor.

3) ?n = arg maXL(?’O,#IaH2)

Show 7 is a consistent estimator for y,. This proof is a direct application of the
consistency of MLE proof from Lecture Note 8. A very brief sketch of the proof is all
that is needed.

4) Testing procedure

K
H() . Z(}/ok)z -K=0
k=1

K
H1 . Z(}’Ok)z -K=+0
k=1

Testing procedure
First, construct a test statistic

Wald test
2
|:Z(7 o) — :|

est. cov|:2(y0k)2 :|

W, =

where est. cov|:2(7/0k)2 :| Acov(7 o)A, A = |: 2701 ... 2¥ox :|, and

n AN -1
cov(ﬂ)z[l/zalnng’ )J
0

i=1

Next, derive the asymptotic distribution of the test statistic under the null
hypothesis

anlz(l)



Finally, choose a confidence level and test the hypothesis.
At a confidence level of 95 percent,

Reject null hypothesis if 7, > 3.84

Fail to reject null hypothesis if W, < 3.84.

Question 3
Yi= ﬂlxiﬁ2 +ui, Eluilx;] =0

1) Two moment functions: There are many possibilities.
The most obvious are based on the FOC from the Non-Linear Least Squares
criteria.

0u(,x,B) = (i — Prxt)xP
02X, B) = (i — B1xl*) B1xl* Inx;

{The last result is from the following:

%aﬁ - %exp(ﬁlna) = exp(flna)lna = afna.)

The MM estimator is , = arg minp(y,x, B)'p(v,x, B),

n L B2y, B2
where p(y,x, ) = 1/n>. i =P ))/C;
i=1 @[—ﬂlez)ﬁlxizlnx[

If this system is full rank, we can estimate a unique Bn

2) Asymptotic distribution
J1 (B, - B) > NO,A(Bo)),

where A(Bo) = (A(Bo)A(Bo)") " A(Bo) W(Bo)A(Bo) (A(Bo)A(Bo)) ",
A(Bo) = E[%(p(y,x,ﬁo)], and W(Bo) = E[p(,x, Bo)o(y,x, fo)']

3) Assume Elulx;] # 0, E[u;|z;] = 0, and E[z;x;] # 0.
New MM estimator

B, = arg minp(y,x,z,B)' V' 0(r,x,2, B),



where ¢o(y,x,z,8) = 1/n)_

i=1

[ i — Prcl)zf?

5 s |»and V,lis some weight
i = Bix;*)B2Piz;”
matrix.

Another possible set of moments is simply

QDi()/,X,Z,ﬁ) = (yi - ﬁlx[ﬁz)zi

4) %, = zid 15, Where @, is the OLS estimate of x; on z,.
Qos = (Z'2)'2'x

Using this predicted x;, the moment condition is
0:i(n,x,2) = (vi = P1217)z;

= (vi=Pixi + Bixl” = fi&1")z

= i = Pz + (Bl — pixl)z;

= uz; + (,le,ﬁ2 — [3155,52)2,-

Elpi(v,x,2)] = Eluizi] + E[(Bix!* — p137%)z1]
Eluiz;] = 0 by assumption.

E[(B1x?* - B1x0%)zi] = BIE[GP — (zjaos)P2)zi]

By Law of Iterative Expecations,

E[(x] = (Zi@o)P)zi] = EAER]?[2) = E((Zi@01) P212) )z}

E(xP|2) # E((Z/@is)P|2) in general

Thus, E[(B1x” — B17*)z;] + 0 in general.

This implies that this moment condition is not satisfied for this non-linear model.

To see why this non-linear model breaks down, consider the following linear case
where y; = fi1x; + u;

Eloi(v,x,2)] = Eluizi] + E[(B1xi — B1X)zi]

E[(Bix; — B1%:)zi] = B1E[(xi — (zi0ois))zi]

Note that (x; — (zid.is)) is the residual for observation i.

By Law of Iterated Expectations,

E[(xi — (zi@ois))zi] = E-{E[(xi — zi@ors)|z)zi} -

E[(xi — (zi@ois)lz] = Elxilz] — ziE[Goisz].

A basic OLS result is that E[a,i|z] = « (i.e. OLS estimates are unbiased.)
[proof: E[G.islz] = a + (z'z)7'Z'E[elz], E[¢e|z] = 0 by assumption.]

And since the OLS assumption is E[x;z] = za,

this implies E[x;|z] — z,E[@ois]z] = 0.



Combining all the results from above,
Elo(y,x,z,)] = 0in the linear case.

5) Testing procedure
Ho . ﬂ1 —exp(ﬂz) =0
Hy : B —exp(B2) # 0

Wald test

n[B1 — exp(B2)]’
est.cov(Bi —exp(B2))’

where est.cov(B1 — exp(B2)) = Acov(B,)A', A = [1 —exp(B2)],
and cov(Bn) = (A(Bn)V(Bn)A(ﬁn)’)‘1 (the finite sample estimator of the asymptotic
covariance matrix defined above)

Under null hypothesis, W,~x2(1)
Choose a confidence level and test the hypothesis.

Confidence level 95 percent.
Reject null hypothesis if 77, > 3.84

Fail to reject null hypothesis if 7, < 3.84.

Question 4

yi = xip +e;, where E[gifx;] = 0
Lety;, =y} ify; <y®andy; =" if y; > »° (Notice: typo in original)
1) Compute E[y;lx;,y; < y°]

This calculation is the same as for the Tobit model with the censoring or cutoff
point moved from zero to °.

Elyilxi,yi <] = Elx;f + e+ & < y°,xi]

| € | & Y0 —xip .
=x;f+ o-gE[G—lg|G—’8 < G—gl,x,-], where o is a constantand o > 0



V0 —xip
O:
= x;B+ 0 j_w f( ) 4.1)
(y lﬂ)

where f{-) is the PDF and F(.) is the CDF for |x, .
At this point, an assumption about the dlstrlbutlon of g—i|xi is needed.

2) Two step estimator

First assume g; xi~N(0, 1).

With this assumption we can complete the computation of E[y;|x;,y} < y°].
The numerator from (4.1) is

V' —xip . —x/ﬁ . i
O¢ i —z4/2
I_w Gg‘f( ) J. z (271.)1/2 dz
Using %e‘m — —z¢=12 yields
0 /
Y —xip 0 —x;
_ L__,2n, Oc 1 (%)2/2

T2n)” T2 €
y° —xip -
= (—%. ) where ¢(-) is the standard normal PDF
This is the negative of the case in the lecture notes.

Combining these results

Elyixi,yr <y°] = xip - Gg/”t(y ’ﬂ) where A(a) = ¢(a)/®(a) and ¢(-) is the
standard normal PDF and @(-) is the standard normal CDF.

Estimation

Step 1: Compute a probit model for the probability that a firm’s expenditures are

top coded.
The likelihood for the probit model is

0 _ !
Loz p.00) = T, ooy — o222y,

where z; = 1 if if y; < »°, 0 otherwise.
Note that not all of the parameters of this model are identified.

0 !
We can re-write %.
W—xip _y* B B Bx
O Oz O O 2 "ok

_ Y B ﬁz Bk

- GS 68 ’ 7 3 J/K GS




l

=Xy

With this substitution, the probit likelihood is
Ly,x,z,7) = L ®(xiy) 1 - O(xjy)] '
Y = argmaxL(y,x,z,7)

Step 2: Use the estimate from Step 1 to compute ii(xﬁ-?) and estimate an OLS
regression of observed y; on x; and Xi(xi-?). [Note: | put an i subscript on the inverse
Mill’s ratio simply to indicate that it varies with the xs.]

With this second step we obtain an estimate for &, as the coefficient estimate on
2:(x/7). Therefore the estimate of j is

B, =-70:fork=2,...,Kand B, =)° -7 ,6:

3) If each firm had a different, but known, topcode, this estimation method would
still apply. This is only a trivial difference. Note that if the topcode was unknown, we
could not do this.

4) Two step estimator as GMM estimator
The moments for this two step estimator consist of the score function for the first

step probit and the OLS moments from the second step.

First step probit
I(y,x,2) = 22ziIn®@(xiy) + (1 - z;) In(1 - @(xiy))

o al(y,x,z) o Zj ! L I—Z[ / )
017.5.2) = B < U T B g~ g B

Second step OLS

02(00,Bxy) = Un Xy — (B — ooyl
Lixly)

GMM estimator



~ D N _ . (DI(V,X,Z) (Pl(%xaz)
(7,B,0:) = arg min
(pZ(GSaﬁoxay) ¢2(Gﬁaﬂaxay)
5) The two step GMM estimator in 4) is just-identified. We could find a better

(more efficient) estimator by adding additional moments. For example,

/ !

(DI(Q/ava) (01(%3@2)
(7.B,0%) = argmin| (0, B,x,)) Vil @a(os, Box,y) :
@3(68’[39)/9)‘:9)/) @3(685ﬁ’7/’x9y)

where ¢;(o., B,7,x,y) is an additional set of moments and 7! is some weight
matrix. Note that now that the system is over-identified, we must include a weight
matrix to obtain a unique estimate.

Question 5
1)L(p|X1, e ,Xn) = H?=1PXi(1 _p) 1=

2) InL(plx1,...,xx) =InpD_x;+In(1 —p) D (1 —x;)
FOC
olnL(plx1,...,xn)

op
DX
= D = 1 ~ b 2(1 —xi)
= D Xi—pPDXi=pn—pD X

=>p=1n>x

=0

3) Asymptotic distribution for p
Using the MLE results

JA(B-p) S NO,I(p)™),

where I(p) = —E[M]

op?
PAInLplkx)  x 1-x
op> p> (1-p)?
_E[ azlnL§p|x)] _ Elx] N 1 — E[x]

p*  (1-p)?
Elx] =p



= = 1
I(p) = 1/p+ -2

_ 1
=10 =20

Thus, /7 (B — p) S NO,p(1 - p))

4) MLE for p(1 - p)
Leta = p(1 —p)

By Invariance Property of MLE, @ = p(1 — p)

Asymptotic distribution
~ d
Jn (@ —a) - NO,A(p)),
where A(p) = Al(p)~'A’ by Delta Method and A = pl=p) __ 2p.

op
Thus, A(p) = (1 -2p)*p(1 -p)

5) Consistent estimator for A(p)

—_ AyoA =

Alp) = (1-2p)"p(1-p)

An application of the Slutsky theorems is sufficient to show plimA(p) = A(p).



