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Lecture Note 9
Maximum Likelihood Estimation—Part III

MLE in misspecified model:
The observed joint distribution of (y,x) is determined by

1. Model: The conditional pdf of y, conditional on x, f(y|x;#); and

2. Survey design: Marginal density of z, g(x).

Ezxample:

y = Car ownership (1 if own a car, and 0 otherwise).

x = Household income.

There are cases in which the survey design is such that it may overrepresent (or under-represent)
some income classes.

The model and survey design imply that the joint pdf of (y,z) is

[y, 2;0) = f(yle; 0)g(x). (8.1)

The population joint pdf of (y,x) is

[y, 2;0) = f(yla; 0)h(x). (8.2)

In the derivation of the last two lecture notes it was assumed that h(-) = g¢(-). Hence, for
0 = 0p the “model” joint pdf and the population joint pdf for (y,x) coincide. The MLE is then a
consistent estimator for the population parameter vector 6.

Now we will consider the case in which

fylz;0) = h(y|z;0),

but
g(z) # h(z),

because, for example, of bias sampling of x.



Recall that we defined 6y as:
b0 = arg max Eo [In f(y, z;60)]

with Ep denote the expectation w.r.t. the population joint pdf of (y,z) and the “model” joint pdf
of (y,2), i.e., f(y,x;0).

If g(x) does not depend on 6, the we can replace g(-) by h(-) without changing the maximand.

Conclusion: The MLE is consistent estimator for the population parameter vector 0y if

f(ylz; 00) = h(y|x; 0o),

that is, for 6 = 0y the model (the conditional pdf of y, conditional on z) must be equal to the
population conditional pdf.

Now consider a different case in which f(y|z;00) # h(y|z;0p). That is,
The model: f(y|z;0).
The population: h(y|x).

As before, the MLE is given by

. 1 &
0, = arg max ;hl [ (i, x4 0).

Under the same conditions as in the previous two lecture notes
1 & p
m > In f(yi, xi30) —— Eo [In f(yi, 2:30)]
i=1

uniformly for # € ©, where the expectation is taken with respect to the population joint density,

that is
h(y, z) = h(y|z)h(z).

Define the quasi-true value, say 6,4, by
0, = Eyll 10
q = argmax Ey [In f(ylz; 0)],
and assume that it is unique. Then, using the same proof as before we can show that

0, — 0.
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Consider now

By lnh(y,:6) ~ n f(g.2:0) = |

/ Inh(y, x;0) —1n f(y, z; 0)] dedy. (8.3)
yJa
Note that the expectation in (8.3) is a weighted difference of log-densities. It can be interpreted
therefore as a measure of the distance between the densities. This equation is, in fact, the defin-
ition of the Kullback-Leibler distance (information criterion) between the densities h(y, x;6) and
f(y,x;0). We denote this measure by K (h, f).

Note that: (i) K(h, f) > 0; and (ii) if h = f, then K(h, f) = 0.

Hence, the quasi-true value defined by 6; minimizes the Kullback-Leibler distance to the pop-
ulation joint pdf.

Conclusion: The MLE converges to the value that makes the model the best approximation to

the true model, in the Kullback-Leibler sense.

Asymptotic distribution of 0,:
Consider the following Taylor expansion, similar to that we have in the previous lecture note:

10%In Ly (63)
n 9000’

Vi (- 0,) = _%%g(%), (8.4)

where 5;; is on the line segment connecting 0,, and 0y

If 0, is the quasi-true value, then we still have

OlnL,(0,)]
[ 2] o
and hence
1 0InL,(0y) 1 =0Inf(yi,xis0,)
n 00 - Vn ; o0 (8:5)
D
— N (0,1(0g)) ,
where
Oln f(yi, wi; 0q) O1n f(ys, 2430
I(eq) —_ EO |: (89 Q) (86/ tI)
Furthermore, note that
[9\: L) Q> (8'6)
and
10%InL,(0) » 0% In f(y;, w4 0)
- _ 9 ) — A .
7 9000" (6), (87)



uniformly for # € ©. However,
1(0,) # A(0,).
Using the results from (8.5), (8.6), and (8.7) we have that

10%In L (6})
n_ 0000
1 Oln Ly (6,)

N

P, A(6,), and
L. N(0,1(0,)),
and hence
Vi (0 = 0g) 2 N (0,25 A7H0)1(0)A1(60,)) - (8.8)

Note that the asymptotic covariance matrix has the sandwich (or Eicker- White) formula.
If the information equality holds (which is not the case when the model is misspecified) then

the covariance matrix simplifies to the usual MLE form.



