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Lecture Note 8

Maximum Likelihood Estimation—Part II

Uniqueness (continued):
If we can interchange differentiation and integration (i.e., the integration w.r.t. Ep), then

Opsatisfies
dIn f(yi, xzi;60)
00

and to be a unique maximizer, the solution has to be unique.

Ey =0,

In words, this equation states that the expected score, when evaluated at the population
parameter g, is zero.

While we will not discuss it here in greater details, the condition that sufficient for the SLLN

discuss before is also sufficient for the interchange of the expectation and differentiation.

Ezample: Logit Model (continued):

8lnf(y¢,x7;;0)} 1 e%id
Ey|————| = E i—— — L —y)——5 | |,
0 [ a0 ol||¥y 14 omif ( y)l e T

and clearly

Weak consistency of MLE:

Theorem:

If for some parameter space © with 8y € © the normalized log likelihood converges uniformly
to the expected log likelihood and the population parameter mazximizes the expected log-likelihood,
then

0, 2 0p.
Proof:

Denote the normalized log likelihood by M, (), and the expected log-likelihood (with respect

to the population distribution) as M (6). Then

My (0y,) > My (60).



Since M, (6y) —— M (), there exists a sequence on non-negative random variables {Z,}, with
Zn 2 0, and

M (6) — M(00)| < Zn.
Hence, we have

M (6y) — M (6,,) My (00) — M(0y) + Zn (8.1)

IN

< sup |M,(0) — M(0)| + Zp,
0cO

and the right-hand side of (8.1) converges to 0 in probability.

Recall that we assume that (Assumption Uniqueness) for all ¢ > 0,

sup Ep[In f(y,z;0)] < Eo[In f(y,2;00)] . (8.2)
[0—00|>¢

So, we have that for every e > 0, there exist n > 0, such that for all |§ — 0y| > ¢,
M((g) < M(Qo) - 1.

Hence,

Pr (|0, — 00| > &) < Pr (M(8a) < M(09) —n)

and the probability on the right-hand side of the equation converges to 0.

Q.E.D.
Remark: This theorem gives sufficient conditions for weak convergence. There are alternative
sufficient conditions that are discussed in the literature (e.g. van der Vaart, Asymptotic Statistics,

Cambridge University Press, 1998).

Asymptotic Normality of MLE:
Because §n 2, Ao, the distribution of the MLE §n becomes concentrated around the true
population parameter 0, at least when the sample is large, and (/9\,1—90 has a degenerate distribution

at the point 0 when n — oo. Hence, we consider the quantity
\/H (971 - 00) )

and we hope that the distribution does not become degenerate, even when n — oo.



Assumption Continuity:

We assume that the functions f(y,x;0), d1n f(y,;0)/00, and 6% In f(y, x;0)/0000', are con-
tinuous function of §. (This make this assumption to facilitate the proof, but one can actually
relax this assumption.)

Consider the following Taylor-series expansion around the population parameter 60y:

10 Ly(0p) | 19*°WnL,(0%) /»
= ST Tl (6, ) (8.3)
where @"; is on the line segment connecting @Z and 6.
Since §n L 0y it follows also that
: -2 6.
Multiplying both side of (8.3) by y/n gives then
192 L, (0%) —~/~ 1 91n Ly, (6o)
-0 h — =" 4
wosoe V" (9 90) NEL (84)
Consider first the right-hand side of (8.4),
1 0InLy(f) 1 Z@lnf Vi, i3 6p)
N4D 00 ’
Note that
Oln f(yi,xi;00) .
=1,2,3,...
80 ) 7 J Y 37
is a sequence of random variable for which
8lnf(yi,a:i;00) N
Ey [ 20 } = 0, and
v (mnf(yz‘,ﬂﬁi;@o)) _ oz [alnf(yuﬂ?z‘;@o) dIn f(yi, xi;00)
0 0 - a0 0"
= 1(6o),
where the matrix I(6p) is called the Fisher information matriz.
Note now that
0*In f(yi, z:;0) _ 1 02 f (yi, w43 0) ~ Oln f(yi, i;0) Ol f(yi, 245 0) (8.5)
0006’ fyi,zi;0) 0000 00 oo’ ’ ’

If we assume that

Ey [sup < 00,

0cO

O* [ (yi, i3 0)
0000'




so that the expectation of (8.5) exists, and it is given by

B, [M]:_ B, [f( 1 82f<yi,xi;9)]

0000’ Yi, x5 0) 0000’
+ Eo [8lnf(yz,xz,0) 8lnf(yl,xz,9)] .

00 oo’
At 0 = 6y we have

L 0*f(yiswisbo) | _ 1 0% f (yi, i3 o) .
EO [f(yla Ti; (90) 0000’ o /yz ; f(y“ i 00) 9000’ f(yza PN HO)de’ZdyZ,

62 yl?‘rlaeo
- /l /:;Z 8989, d zd?/z»

N aeaef Uy | (i, wisfo)daidy: |

where the last equality holds if

Of (i, xi;0) ‘
00

< 00,

Eq |sup
0cO
so that we can interchange the integration with the differentiation.

Note that since

/ J (Wi, w43 00)daidy; = 1,
Yi J T4

it follows that

1 O f(yi,xi;00) |
Eo [f(yi,xi;Ho) e

Hence we obtained that

> _0%In f(yi, xi; 6o)
’ 2000’

Oln f(yi, x5 600) Ol f(y;, 45 00)
00 oo’ ’

_ EO{

= I(f).

(8.6)

The equality in (8.6) is call the information matriz equality. That is, the information matrix

I (Op)has two representations:

1. The Hesstan representation:

82111 Z‘,.%‘i;@
I(QO)ZEOl— g%e, 0)].

2. The Outer Product Gradient (OPG) representation:

01 i, Ti50p) O1 iy T 0
1(90)_E0[ Hf(!égfl? 0) Hf(Za/elfU o)}.



The information matrix equality has two direct implications:

(i) The information matrix is finite, that is
I (00) < 00

(1) The information matrix is positive definite because the integrand in the OPG is positive definite.
Hence, 171 (f) exists.
Now, by the CLT we have that

1 Oln f(yi, xi;60) D
72 Z 2 DL N (0, I(60). (8.7)

Also, because 5; -2, y,we have that

192 L, (0%) » 0% 1n f(yi, z:;60)
—_ E - . .
n o000 " 2006" (88)
(Recall that we already have that
l@2 In Ly, (0) E 0 In f(y;, xi;0) ’
n 0000 0000
uniformly on O.)
Hence we have from (8.4), (8.7), (8.8), and Slutsky’s theorem that
~ 1 8lnL (90)
vn (Hn — 00> — 171 (6) VAT (8.9)

DN (0,1—1 (00)) ,

where we have used the information matrix equality to simplify the final result.
Conclusion: The asymptotic distribution of the MLE é\n is normal!
Recall now that in order to be able to do inference we need a consistent estimator for I (6y).

Here we have two such estimates based on the two presentation for I (6p):

1. The Hessian estimator:

18 lnL ___Zaz]-nf yul’meo)
n aaaof N 0000’

1(0).

2. The OPG representation:

Oln f( yz,mz, 0o) O1n f(yi, 45 6p)
Z 50 LN I(6o).



Note that the statement
Vi (8 = 09) =2 N (0,171 (60)) ,
implies that the sample variance for 0, is given by
vV (3,) =11 (0y),
n
and hence an estimator for the sample variance is

IR 8210 Ly (00)\
V(‘g"):(_ ;eaeg 0)> ’

or alternatively

-1
S 2N\ [ x=0In f(yi, xi;00) Oln f(yi, ;5 600)
V(%) = (;1 08 a0 |

Both estimates are inverse of non-normalized sums that diverge to co. Hence, the estimates of the

sample variance converge to 0.

Ezample: Logit Model (continued):

The information matrix for this particular application is obtained as follows. Note first that

e®if 1
Oln f(y;|xs;0) e%if
—_— = T 7 iy d
00 i + e%if Tooan
O%In f(yilxi;0) B ei? -
0006 - (1 N 69629)2 g

Hence,

1(0) = Fo 'mnf@wi;@)81nf<yi,xi;e>}

00 o0’
r / 2
exie
= ko (yi - m) i}
[ / ’ 2
emiﬂo et 6o e:riO
= Fy|——xxi| + FE — — - Xk

It is easy to check that for 8 = 6y we have

9?1 f (yi, x4 0
I6o) = Eo [_ a(eaef O)]'



Consistent estimators for I (6p) are provided by:

1. The OPG estimator:

1 & ¢@ibn ’
~ -~ 1 /
In (an) = = Z Yi — 2 TiT;
sl 1 4 e®ifn
2. The Hessian estimator: R
0,
3

The inverse of the two estimates above give the estimate of the normal asymptotic covariance

matrix for 8,,.



