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System Estimation and Three-Stage Least Squares

I. MULTIVARIATE REGRESSION WITH m ENDOGENOUS REGRESSORS

yji = x
0
jiβj + ²ji (j = 1, . . . ,m; i = 1, . . . , n).

Let

Yj =


yj1
...

yjn

 , Xj =


x0j1
...

x0jn

 , ²j =


²j1
...

²jn

 ,
then

Yj = Xjβj + ²j (j = 1, . . . ,m).

Since Xj includes some y’s from the other equations, we expect that E[xji²ji] 6= 0.

INSTRUMENTAL VARIABLES:

Z = (z1, . . . , zn)
0

an n× l matrix, where each zi is an l × 1 vector.
For the instrumental variables:

1. Since zi are exogenous, they are uncorrelated with ²ji. That is

E[zi²ji] = 0.

2. E[zix
0
ji] = Σzxj , and rank(Σzxj ) = kj ≤ l.
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II. STACKED MODEL

Can stack the Yj ’s and their corresponding Xj ’s as in the SUR model:

y = Xβ + ²,

where

y = vec(Y ) =


Y1
...

Ym

 , X =



X1 0 . . . 0

0 X2 . . . 0
...

...
. . .

...

0 . . . 0 Xm

 ,

β = vec(B) =


β1
...

βm

 , ² = vec(E) =


²1
...

²m

 .
Note, y and ² are nm× 1 vectors, X is an mn× k matrix, β is a k × 1 vector and k =Pm

j=1 kj .

This is merely a different representation of the SEM, but the simultaneity problem has not

been solved. We still have E[X²] 6= 0, in general.
HOMOSKEDASTIC ERRORS:

Assume that the SUR usual assumptions hold:

1. E[²ji | zi] = 0.

2. The disturbance term covariance matrix:

E[²ji²ki0 ] =

 σjk if i = i0,

0 otherwise.

Hence,

E[²²0 | Z] = Σ⊗ I = V0,

where Σ ≡ [σjk] an m×m matrix.

The rest, is the same as the SUR model.
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III. TWO-STAGE LEAST SQUARES ESTIMATION

This estimation ignores the covariance structure of SUR disturbance term.

Stage 1: Get fitted LS values of X given Z:

X̂ =
³
Im ⊗ Z(Z 0Z)−1Z 0

´
X

=


Z(Z 0Z)−1Z 0X1 . . . 0

...
. . .

...

0 . . . Z(Z 0Z)−1Z 0Xm

 .

Stage 2: Use X̂ from stage 1 as an IV for X:

β̂2SLS = (X̂ 0X)
−1
X̂ 0y

= (X̂ 0X̂)
−1
X̂ 0y

=
³
X 0(I ⊗ Z(Z 0Z)−1Z 0)X

´−1
X 0(I ⊗ Z(Z 0Z)−1Z 0)y.

=⇒ β̂j2SLS =
³
X 0
jZ(Z

0Z)−1Z 0Xj
´−1

X 0
j(Z(Z

0Z)−1Z 0)Yj ,

as before.

IV. GLS VERSION OF TWO-STAGE LEAST SQUARES

Use X̂ as an IV for X, but use V −10 as a weight matrix. That is,

β̃G2SLS = (X̂
0V −10 X)

−1
X̂ 0V −10 y,

where V −10 = Σ−1 ⊗ In.

=⇒ β̃G2SLS = (X 0(Im ⊗Hz)0(Σ−1 ⊗ In)X)−1X 0(Im ⊗Hz)0(Σ−1 ⊗ In)y
= (X 0(Σ−1 ⊗Hz)X)−1X 0(Σ−1 ⊗Hz)y.

That is, the identity matrix Im in the formula of the 2SLS estimator is simply replaced with

the matrix Σ−1.
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V. THREE-STAGE LEAST SQUARES

Stage 1: Get X̂ = (I ⊗Hz)X.

Stage 2: Get the 2SLS estimator β̃2SLS and compute the residuals:

²̂j = Yj −Xjβ̃j (j = 1, . . . ,m),

where each êj is an n× 1 vector.
Let

E = (²̂1, . . . , ²̂m)
0 = (e1, . . . , en),

where ei contains the m residuals for a given observation i, ei is an m× 1 vector.
Now set

Σ̂ =
1

n

nX
i=1

eie
0
i

p−→ Σ.

Stage 3:

β̂3SLS = β̂FG2SLS = (X̂V̂
−1X)

−1
X̂V̂ −1y,

where

V̂ = Σ̂⊗ In.

VI. CONCLUDING REMARKS:

1. We can show that

β̂3SLS =
³
X̂ 0V̂ −1X

´−1
X̂ 0V̂ −1y

=
³
X̂ 0V̂ −1X̂

´−1
X̂ 0V̂ −1y

=
³
X̂ 0V̂ −1X̂

´−1
X̂ 0V̂ −1ŷ,

where ŷ = (I ⊗Hz)y. Hence, the interpretation given in the previous class note applies here
as well.

2. Under the assumption that E[²²0 | Z] = Σ⊗ I, it is easy to verify that
√
n(β̂3SLS − β)

D−→ N(0, C−10 ),
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where

C0 = plim
n→∞

1

n
X 0(Σ−1 ⊗Hz)X.

Hence,

β̂3SLS
A∼ N(β, (X̂ 0V̂ −1X̂)

−1
).

Also,

β̂2SLS
A∼ N(β, (X̂ 0X̂)

−1
(X̂ 0(Σ̂⊗ I)X̂)−1(X̂ 0X̂)

−1
)

and

plim
n→∞

1

n

³
X̂ 0V −1X̂

´
≥ plim
n→∞

1

n
(X̂ 0X̂)

−1
X̂ 0(Σ⊗ I)X̂(X̂ 0X̂)

−1
.

That is, the 3SLS estimator is, ingeneral, more efficient than the 2SLS estimator.

3. If ² ∼ N(0,Σ⊗I), then the 3SLS estimator is asymptotically equivalent to an ML estimator.
That is, the 3SLS is asymptotically efficient.

4. If all equations, but the jth equation, are just identified, then for the jth equation, 3SLS

estimator is identical to the 2SLS estimator.

5. If all equations are just identified, then all estimators: 3SLS, 2SLS and IV are identical.

VII. OTHER ESTIMATORS

VII.1. INDIRECT LEAST SQUARES

This method is applicable for the jth equation, only if the equation is just identified.

Yj = Xjβj + ²j , E[²j | Z] = 0.

Reduced form for the Xj :

Xj = ZΠj + Vj , E[Vj | Z] = 0.

So,

Yj = (ZΠj + Vj)βj + ²j

= ZΠjβj + Vjβj + ²j

= Zπj + uj ,

where uj = ²j + Vjβj and πj = Πjβj .
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If the jth equation is just identified, then kj = l. Therefore,

βj = Π
−1
j πj .

Hence, we can estimate βj in two steps:

Step 1: Estimate Πj and πj by LS.

Step 2: Estimate βj by

β̂j = Π̂
−1
j π̂j .

For just identified equation: β̂LS = β̂2SLS = β̂IV .

VII.2. LIMITED INFORMATION MAXIMUM LIKELIHOOD (LIML)

This is an equation-by-equation ML estimation.

Simultaneous equation:

Yj = Xjβj + ²j .

Reduced form:

Xj = ZΠj + Vj ,

with  ²ji

vji

 ∼ i.i.d. N(0,Σ)
and Σ may be singular.

The estimator β̂jLIML is an ML estimator for βj and π̂j an ML estimator for πj , ignoring any

other restriction on πj from the other equations.

One can show that
√
n(β̂LIML − β̂2SLS)

p−→ 0,

so that both estimator have the same asymptotic distribution.

VII.3. FULL INFORMATION MAXIMUM LIKELIHOOD (FIML)

This is a multi-equation ML estimation.

SEM:

Y Γ = XB +E, ² = vec(E) ∼ N(0,Σ⊗ I).

This procedure obtains the usual ML estimator. That is, we get

β̂FIML = vec

 I − Γ̂FIML
B̂FIML


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by ML, ignoring any zero restrictions.

One can show that
√
n(β̂FIML − β̂3SLS)

p−→ 0,

so that β̂FIML and β̂3SLS have the same asymptotic distribution. Hence, the 3SLS estimator is

asymptotically efficient as was claimed before.

VII.4. BEST THREE-STAGE LEAST SQUARES ESTIMATOR (SYSTEM-WIDE

GMM)

Like in the GMM and best 2SLS, we can allow for heteroskedasticity and serial correlation.

Stacked form:

y = Xβ + ².

Premultiplying by (I ⊗ Z) gives,

(I ⊗ Z)y =


Z 0Y1
...

Z 0Ym

 =

Z 0X1 . . . 0
...

. . .
...

0 . . . Z 0Xm




β1
...

βm

+

Z 0²1
...

Z 0²m

 ,
or

ỹ = X̃β + ²̃,

where

E[²̃ | Z] = 0

Var(²̃ | Z) = Var ¡(I ⊗ Z 0)² | Z¢ ≡ C0 = [Cjk]j,k=1... ,m
and

Cjk = E[Z
0²j²0kZ | Z].

Note, ỹ and ²̃ are lm × 1 vectors, X̃ is an lm × k matrix and β is an k × 1 vector (where
k =

Pm
j=1 kj).

The covariance matrix C0 can be estimated consistently by the Newey-West estimator (account-

ing for both serial correlation and heteroskedasticity), or by Eicker-White estimator (accounting

only for heteroskedasticity). Then,

β̂B3SLS =
³
X̃ 0Ĉ−1X̃

´−1
X̃ 0Ĉ−1ỹ.

Consequently,

β̂B3SLS
A∼ N

µ
,β,

³
X̃ 0Ĉ−1X̃

´−1¶
.
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Note, if Var((² | Z) = Σ⊗ I, then

Var(²̃) = (I ⊗ Z 0)Var(² | Z)(I ⊗ Z)
= (I ⊗ Z 0)(Σ⊗ I)(I ⊗ Z)
= Σ⊗ Z 0Z

and
√
n(β̂B3SLS − β̂3SLS)

p−→ 0.

Otherwise, β̂B3SLS is more efficient than β̂3SLS. Furthermore, the usual standard errors for 3SLS

estimator are inconsistent.
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