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LECTURE NOTE 2
INSTRUMENTAL VARIABLES IN PRACTICE

I. REVIEW
ENDOGENOUS REGRESSION MODEL:

yi = x;ﬂ +e¢;, but FElz| #0.

INSTRUMENTAL VARIABLES:

Suppose there exists z; and | x 1 vector. Let Z = (z1,...,z,) and suppose that
. 1_, 1 & ,
1. plim (—Z X) = lim — ZE[zzxz] =X,
n—oo \ 1M n—oo

an [ X k matrix with rank(>,,) = k = dim(x;); and

1 n

1
2. Elzie] =0, = plim (—Z’e) = lim — Y Elzeg] =%..=0.
n—oo \ M n—een i
Then, z;, + =1,... ,n are instrumental variables for x;, i =1,... ,n.

REMARKS:

1. z; may include some components of x;, lagged z;, exogenous x;, intercept, etc.

2. If rank(Z'X) = rank(X,,) = k, then we must have [ > k, i.e., at least as many

instruments as regressors.

II. SOME SPECIAL CASES

II.1. CASE 1: [ =k
Here (%Z’ X ) is squared and of full rank. hence, (%Z’ X )_1 exists and for large n,

—1 .
also ¥ exists.



So, the IV estimator is
Brv = (Z2X) 2y = (Z'X) ' Z/(XB+e) =B+ (ZX) ' Ze.

Note that BGLS solves

k equations with & unknown.

II.1. CASE 2: | > k

We can “throw away” some instruments to make [ = k, or we can combine them to
get a better (more efficient) estimator.

As before, we have to solve

but now we have [ equations with only k£ unknowns. So, all equations cannot hold for

any 3 (but by chance).

Suppose A is an I x [ matrix, with A 2 U, positive definite matrix. Then,
Z'y = Z'XB+Ze
= 7'X8.
— A Zly=A""Z'X}.
— X'ZA'Z'y=X'ZA'Z'X}.

— b = (X'ZA7ZX) X'ZA' 7Yy
= (8,478, 8,478,

where
1 1
S.e = — Zzzxz and S,, = — Zzzyz
N ni=

The remaining issue to settle is how to choose A optimally.



III. HOW DO WE CHOOSE THE INSTRUMENTS?

This question can be addressed better within the context of a given model.

EXAMPLES:

1. AUTOCORRELATION ERRORS WITH LAGGED DEPENDENT VARI-
ABLE:
Yr = o+ Bry + vy + &,
€ = PE€s_1 + Uy,
uy ~i.i.d.(0,0%), independent of ;.

In this case we have

Elyi1e)] = Ely—1(per—1 + u)]
= El(a+ Bri—1+ Yy + €-1)(per—1 + u)]
= pvEy—2e1] + pUez-

If y; and ¢, are stationary, then Ely;_1€¢;] = E[y;_2€;,1] and

2 2

po; po,
Elyi1e) = = )
pe-aed] (1—=py) Q—=py)(1—p?)

since 02 = 02 /(1 — p?).
For instrument: Let z; = (1,24, z4_1)" be the instruments for (1, z;, y;—1)".

By assumption E[zse;] =0, Vi # s. Hence,

1 T
lim — =F =0.
giﬁ T ; Zi€t [Ztﬁt]
So, z is a valid instrument. Also,
1 T
plim T Zzt(la $t7yt—1) = E[Zt(l, xnyt—l)] =Y
T—oo £ =1
1 Ty Yi—1

Zt(l, T, ?Jt—l) = Tt $t2 TtYt—1

Ti—1 TgTi—1 Ti—1Ye—1



—  det(X,,) #0.

REMARKS:

a. Any x;_,, s > 1 can serve as an instrument for y; ;. Hence, we can take z; =

(13 Tty Tp—15 Lp—25 - - - )/'

b. If z; is a vector, i.e., yy = z,0+yyr—1+€, then dim(z), ;) =1 > dim(x}, yi—1) = k.

2. OMITTED VARIABLES:
yi =zl +wy+u =28+ €, €=u—w.

Need an instrument that is correlated with x;, but is uncorrelated with w;. This is a case

where it is quite difficult to come up with reasonable instrument.
3. MEASUREMENT ERRORS:
A. PERMANENT INCOME:
Y = o+ Bz + wy,
Tt = 2t + Vg,
but only z; is observed. Hence,

v =a+ Oz + (ug — o) = a+ Pay + €, € = u — Lo

A.1. Solution 1: Use repeated measurements.

Suppose that
wy =5+ 62 + 1y,

where (u, vy, 7;) are independent of z; (e.g., w; can be net financial wealth at time

).



Also assume that

Elu) = Elvi] = E[n] =0,
Eluyv) = Elvgn] = 0.

That is, shock to wealth is uncorrelated with transitory consumption and transitory

income.
Then,
Elwax] = E[(y+ 0z +m) (2 + vy)]
— B[
# 0.
and

Elwiey) = El(y 4 6z + ne) (ug — Puy)] = 0.
Then (1,w;)" is an instrument for (1,x,)".

A.2. Solution 2: Causal model (Zellner).

Suppose that
2z =y + owy + 1y,

where (ug, vy, 1) are independent of w; and
Elw] = Efv] = E[n] =0,

Elugn] = Elvgn] = 0.

That is, we assume that the “permanent income” z; is explained by w, (financial

wealth, net total wealth, education, etc.).

Then
Elwe] = Elw(uy — Bvy)] = 0,

by assumption, and
E[wtxt] = E[wt('V + owy + 1y + Ut)] = 6E[w?] # 0.
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Therefore a legitimate instrument for (1, ;)" is provided by (1, w;)’.

REMARK: The two models relating w; to z; are quite different. In the first model
Elzm] = 0 and E[wn:] # 0, while in the second model the reverse is correct:

E[zm] # 0 and Efwn,] = 0. In both models, however the same instrument works.

B. RATIONAL EXPECTATION:

Model:
Y, = a+ BE[ryq] Fuy,  up ~ii.d.(0,07)

and u; is independent of x;.

For example, y; can be “realized investment”, while x; can be “income.” We observe

only (y, x;), and for z;; we have
Typ1 = Ey[zia] + v,

E[Ut+1 | Ty L1y« 5 Yty Yt—1, - - ] = 0.

Therefore y; can be expressed as

Y =+ Brip1 + €, € = U+ Buiga.

A valid instrument would then be

!/
Zt = (1,.’Et,$t,1,$t,2, e s Y1, Y2, - - ) .

4. KEYNESIAN MODEL:
Consumption:

¢t = o+ By + €.

Income equality:

Yy = ¢ + I,

where ¢, =Consumption, y; =Income, and I, =Investment.



Here the choice of an instrument for (1,y,) is obvious: z, = (1, ;)"

5. SUPPLY-DEMAND MODEL:
Demand:

@ = o + Bpe + Ny +ug,  up ~1ii.d.(0, UZ),

Inverse supply:

pe = Qs+ dg + owy + vy, v~ 11.d.(0,07),
where ¢, =Quantity, p, =Price, y; =Income, and w, =Wage Rate (or Wealth).
Assume that (y;, w;) are exogenous. That is,

Elyiu) = Elywvy] = Elwiuy) = Elwyvy] = 0.

Then, z; = (1,y;, w;) is uncorrelated with (uy, v;)’.
Also, if v # 0 and 2 # 0, then Eyq] # 0 and E|w;p;] # 0. Hence, z; is a valid

instrument for
ol = (1, pe, )

in the demand equation. Similarly, z; is a valid instrument for
xf = (1, g, wy)

in the inverse supply equation.



