LECTURE NOTE 2: M-ESTIMATION

Economics 231a Fall, 2005

M-Estimation: Asymptotic Normality

Consider a method of moments estimator 5 that solves
0= L3 (w.0) )
- - S| Wy,
N

This may be motivated by the analogy principle based on economic model
FE [8 (U)i, (90)] =0

We assume that consistency of 0 is already established, and focus on asymptotic distribution.
Expanding (1) around 6y, we obtain

Oziis(wiﬁg)—i— %iasg#e) (5—90)

i=1 =1

for some 6 in between 0y and 0. We expect

1 " Js <w“5> 1 - 0s (wi, 90)
E Z o0 = E ; o0 +0p (1) (2)

=1

Because

1 " 0s (wi, 90) . 0s (wi, 90)
n ; 89, - E |: ael + Op (1)

by LLN, we expect

Vi (1-0,) = - (E {%Dl (% nl s(wi,00)> + o, (1)

1=

Because F [s (w;, 6p)] = 0, CLT applies there:

%ZS (wy, 0p) %N (0, E [ (wi, 00) 5 (wi, 00)'] )

We therefore expect



Proposition 1

\/ﬁ@—eo) <4 N(0,0Q)
where

Q = A'pa!
8s(wi,00)

Fl—
{ o0’ }

B = E[s(w;,0)s (w;,b)]

M-Estimation: Estimation of Asymptotic Variance

Because the asymptotic variance of \/n (5 — 6’0> is equal to A1 BA'~!, we expect

)

TIBATY = AT'BA 40, (1)
where

R n Os wiﬁ
L

=1

n

B o= 3 s (wi0)s (w)

=1

Example: Nonlinear LS
If

Elyi| xi] = g (i, 00)
then

Oy = arg;ninE [(yz — g (i, 0)>2]

so it seems reasonable to estimate it by

~ R
0 = argmin - Z (% — g (x:,0))
=1
Assuming that consistency is taken care of, we look at asymptotic variance. For simplicity, assume
that dim (0) = 1. Letting u; = y; — g (x;,60), we obtain

h(wi,HO) = (yz - 9(%&‘%))2
0 ) 0 0 ) 0
s(wi00) = —2(y; — g (xs,00)) % = —2u;- g (gg 0)
9s (wy, 0) 0g (x,00) ) 0% (21,00) _ (g (wi,00) 0% (i, 60)
0 : ( 0 205 = 9 (@, 00) =5 = 2|~ g ST



Because

E{@s(wi,é’o)] . (89(1:1-,90))2]

00 20
[ 2
Els(wi,00)] = 4E |u} (%) ]
the asymptotic variance of \/n (/é —9 o) is equal to
E [uir?]
(E[r])*
for
r, = 99(i,60)
Z a0

Example: OLS

For the linear model
satisfying the restriction F [x;u;] = 0, we can set

s (w;, 0) = ;- (y; — 2.0)

(2

and derive OLS as the corresponding M-estimator.
Asymptotic variance now follows from the general formula. Note that

0s (w;, 0p)
=
= FE[—x;z]]

A= |

B = E[s(w;,0)s (w;,b)]
= E[(i (g — 0)) (2 (y; — 76))]
and
Q = (~E[val) " E [eal] (-E o))
= (Elz2]) ' E [uiwa}] (B [xi:p'-]/)fl

K3 K3 (2



Note that

1 0Os (wi,g)

A= =
n 4 oo
=1
1 n
= —= ) z
n <
=1
and
~ 1 — ~ N/
B = - 3<wi,6>s(wz,9)
n
=1
1 & e A\
IS o) (s (o 9))
n
=1
1 n
= =Y W
n

=1

Example: IV
Suppose that we have a linear model

Yi = ;1601 + 52002 + - - + i k00, + u; = 00 + w; 1=1,2,...
We assume that

Ez;pu;) =0 E=1,...,K—1

We further assume that there exists a random variable ¢;; such that (i) E[¢;1u;] = 0; and (ii)
E [z;z}] is nonsingular, where z; = (21, ..., % k_1, qijl)/. Because

0= FE[zu] = Elz (y; — 2300)] = E [ziys] — F [2:2}] 0
or
B0 = (F [z:2}) " E [z
we can motivate the IV estimator by the analogy principle:
1 o T . T
[ ! . 2 — 7 I RS
0= (n Zz@) (n Zzl zzy,> = (; zzxi> <Zzl zzy,> =(Z'X) 7'y
Using
s (w;, 0) = 2 (y; — x0)

we can also understand the IV estimator as an M-estimator.



Asymptotic variance now follows from the general formula. Note that
Js (U}Z', 80)
A= E|————
=
= El-z7]
= —E[xz]]

B = F [S (wi, 90) S (wi7 90)/]

— B (e (i — ) 1 31 — 210))]
= E [u}z2])

i
and
-1

Q = (—Efza)) " E [ufzz] (—E [2al]))
= (F [zlx;])_l E [u;z2] (E [xizg]')fl

)

Note that
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Conditional MLE

Suppose that y; given x; is known to have the conditional PDF f (-] z;,6y) for some 6y € ©. The
(conditional) maximum likelihood estimator solves

gleagz;logf(yi\xiﬁ)

This is motivated by the following theorem:
Theorem 1
Elog f (il @i, 00)| ;] > E[log f (yi| 1, 0)| ] 0O

Here, the conditional expectation is taken with respect to the true conditional PDF of vy;, i.e.,

f (@i, 0o).



Proof.

i| 2,0
Ellog f (yi| x:,0)| ] — E [log f (yi| xi,600)| x;] = FE [log% x,}

< logFE [% x} (Jensen)
i| iy, VO

B f(ylzi, 0) 4

— log( Ty 20,00 f !xz,eo)dy)

~ log (/f(y\xi,mdy)

= log(1)

=0

]
The (conditional) maximum likelihood estimator solves

E 7 I
or

n_QJlog f (yz|xl,/9\)
B 06

=1

Because MLE is a special case of M-estimator, it inherits all the asymptotic properties of M-
estimation. Asymptotic variance of (conditional) MLE can be simplified because of information
equality, though.

Lemma 1
g [log f(yil %, 0)] _ . [0log f (y:] @i, 0) Olog f (il x:,0)
062 00 oo’
Because
dlog f (yi| 24,0
s (w;; 0) é9| )
s (w;,0) _ 0%log f (yil %:,0)
00’ N 06>
we have
2 o
4 p[Zlosl nlznt)
00
— _E dlog f (yi| :,0) dlog f (yi| i, 0)
00 of
= —F [S (’LUZ‘, 00) S (wi, 00),}
= —-B



Writing

T = E [s(w;,00) s (w;,0)] = —E [8 logf(yilxi,e)}

06>

we have

'~

Vit Bz = 06) S N (0.7)
Note that we can estimate the asymptotic variance Z by

1 S Olog f (?/i!%;@um) Olog f <yi|xi,§MLE>
L= 6 o0’

i=1

or

1 & 8210gf<yi|xi>§MLE)
B= _52 2000’

1=

Two Step Estimation: 2SLS

Consider a very simple model
yi = prite;
T = 2w+

where dim (z;) = K, and

(1)som-n(o[ 7 %)

Oy O
Note that the first stage OLS solves

n

1o 1 o~
—E is Z—E ity —2z7m)=0
pa ¥y (w;, M) - zi (x; — z;m)

i=1

Also note that the second stage regression solves

% Z:; s (wi7.5) = % Z (=17) (s = B (=) =0

1=

These estimators can be understood as a component of one single M-estimator for (3,7')": Let

o= (100 )

and note that the solution to
1 n
_Z¢(wivﬂvﬁ) =0
n <
=1
is given by (%, 3) . We can therefore use Proposition 1 to obtain the asymptotic variance of (%, B)

7



Binary Response Model

Two Choices:

y; = 1 Choice 1 is made
y; = 0 Choice 0 is made

Assume that
yi=1eU=2-¢2>0
Let
G(t)=Prle <t.
Then,
Pr [y = 1] = Prle; < 216] = G (&)
Example 1 G (t) = ® (t): Probit Model

Example 2 G (t) = =&~ = A (t): Logit Model
et+1

Note that individual likelihood equals
G (@) [L = G (/)™
It follows that the joint log likelihood equals

Z%’ log G (238) + (1 — ;) - log [1 — G (73)]

MLE from FOC:
yi — G (x;3>

21': G (x;/g) [1 -G (xfl;)} g (xzb) ~x; = 0.

Proposition 2 The log likelihood of the Probit or Logit model is globally concave.

Binary Response Model: Asymptotic Distribution of MLE
Proposition 3

Vi (b=B8) SN (0.1 (8)).
Proposition 4 The Fisher Information I () from the individual observation equals

g g (2}p)* ,] '

G@B1-G@p)] "




Proof. Obvious from

dlog f (z,8) yi — G (2}5)

98 G@B)[1-G (@B -9 (i) - @i
and
dlog f O1
1) - 5| L 20ET ]
|

Proposition 5

i ~\ 2
. PR IR g (i) iy =1(6).
na G<x;b)2 [1—G(x;b)]2 ( )
Binary Response Model: Average of Marginal Effects
Recall that
Pry; = 1| @] = G (8).
Therefore, we have

OPry; = 1| z]
axi

It follows that

OPr|y; = 1|z
8%

=g(®8)8

o=k| | = £l

How can we estimate ¢? For this purpose, it is useful to write

— Yi — G (-T;B) /
w2 Gan - a0

Note that we obtain the MLE by solving

-5




and we obtain the estimate of ¢ by solving
0 = wQ (wi7¢7 6)
S ICLL
(e Z
These estimators can be understood as a component of one single M-estimator for (¢, B')': Let

o (wi, ¢, B) = ( q/;fl(zsjfngﬁg) >

Using the usual asymptotic variance formula, we can then obtain the asymptotic variance for ¢ as
well.

Censoring
Model

yi =i +ui,  ulx; idid. N(0,0%)

_Joy ityr >0
Yi=Y 0 otherwise
Individual Likelihood:

(I) (_xé@)ldi {lgb <yi — :B;ﬁ) }di
o o o

Censoring: Least Squares Bias

Theorem 2

o

where

Proof. We have

Ely|z,di=1] = fla;i+ E [wil 23, u; > —5625}
. . /
= Ba;+0FE {% xi,% > —%}
o o o
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By the Lemma below, we have

7, Y > _5/:&-] u

E{@
g g

g

]
Lemma 2 Ife~ N (0,1), then

¢ (t)

E[e|62t]:1_q)(t).

_ L odu_ [P o(u)du
0 [Tedu 1-2(1)

_O0Pr(e<sle>t)  ¢(s)
= Jllezt)= Ds 11— ()
Thus,
o0 *s¢(s)ds

E[e|62t]:/t sf(s]eZt)ds:%.
But because

d dexp (—s?

d;is):\/;_ﬂ- epgiss /2):—8\/12_7TeXp(—82/2):—8¢(8),

we have
/tm5¢<5)dsz—¢(5) > =—0(c0) +o(t) =0(t).

Thus,
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Censoring: Some Detalils

Note thatWe have

1 . R
bors = (Z xwé) <Z Ilyl) = (Z dzxﬂ;) (Z dzxzyz)
di=1 d;=1 i=1 i=1

= (Edwal]) " (E[diwiy]) + 0, (1)
Write
E[dix;x)] = EE d;] ;] ;2] = E [ (2;) 242
where
7 (z;) = E[d;| x;] = Pr[d; = 1| x]
Likewise, we have

Eldiziyi] = FElziE[dyi|zi]]
= FElr(v;) 2 E [yi| zi, di = 1]]

= FE {W (w:) i (3725 oA (xf))]

(B [diz:e) ™ (B [dizsys)) = B+ E [ () 2,2 E [mr () X <$ ) x] £0

It follows that

Sample Selection Bias

yn = ruf+ s,

Yo = T+ Ui

di = 1 if yp >0,
= 0 if y;,<0O.

y;1 is observed only if d; = 1; we always observe d;, x;1, and x;5. We assume that

(")

Least Squares Bias: Write

2 id.d.~ N(0,5).

w — POuTy
e
2
O-’l)

v; + w;
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and note that w; is independent of v;. We then obtain

E [U,| V; Z t] = F |:pau2avvi + w; | v; Z t:|
O-’U
= "Bl > 1)+ E[wilv > 1]
o-U
u i | Vi t
- s E {“— 2> —] + E [w,]
Oy Oy| Oy Oy
0(%)
= po,———F—.
1- & (Ui)
Therefore, we have
E [yz| Ty, d;i = 1] = ﬁliCil +F [Uz’ Ti, v 2 —’Y/£Ei2]
6 (~aia )
= [rq+po,

1-® <—:17;201v>

= fzg + po,) (93;21)
oy

Sample Selection: Two Step Estimator

Note that
Pr([d; = 1|z = Pr [& > —xézll = ® (zi,a) = P <x221>
for a = O_lv

e Step 1 - Estimate o from MLE Probit.

e Step 2 - Estimate § and £ = po, from the OLS of y;; on z;; and A (z5,a) for the d; = 1
subsample.

This two step estimator fits within the method of moments framework. Let 0 = (3, o, §), and
_ ¢1 (Ziu 9) :|
Ziae =
vt = | 1Y
where
d; — ¢ (zlya)
7y 6 :
D0 = G a) (- @ (afa
L
balent) = = Fra -G [ 5 ]

Tipar)

)) (b (.T%Oé) Lig;

Then,
— E (0 (2< (9) =0
n = v

is solved by choosing « as the ML probit estimator, and S and £ and the second step estimator.
Thus, the asymptotic variance can be obtained from the method of moments formula.
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Justification of (2)

Here’s why we expect the first equality to be valid. Assume for simplicity that dim (6) = dim (s) = 1.
We then have

1 05 (w“~> B 0s (wy, 0p)

n 00 00

=1

1 0s (w,,N) 1 <& 0s(wi,90)
e

=1 i=

1 I |Os (wi70> _ 9s (wi, bo)
90 00

[ SM

e G0 (5-1,)

06?

for some 6 in between 0, and . We therefore have

v 95 (w.d o . |02 ( 5) )
1ZM—%ZM§ %ZIL o8

n 00 a0

=1 =1

If there exists a function B (w;) such that

0%s (w;, 0)
T‘ < B (w)

and
E[B (w;)] < o0,

we further have

1 0Os <wl,~)

n

n
Os ( wz, o)

1
n

=1 =1
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