8. (Section 7.4)
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Consider the following model:

1) yi=mwtw _

Q) =Bx+hxtu=Xg+tu, : .
wherey, B, , and f, are scalar unknown parameters, X, and x, are 7-comp
nent vectors of constants such that 7-'X’X is nonsingular for every T an
also in the limit, y, and y, are T-component vectors of observable rardo:
variables, and u, and u, are T-component vectors of unobservable random
variables that are independently and identically distributed with zero mea,
and contemporaneous variance-covariance matrix

S = di Oz .

o 03] :

a. Prove that the 3SLS estimator of y is identical with the 2SLS estima
tor of 7. ; .

b. Transform Egs. (1)and (2)to obtainthe mo__oinm equivalent model:

1 1
3 =—vy —=—u
(€) I U\S 7

@)y, =8ix; + %y + Yy .
Define the reverse 2SLS estimator of y as the reciprocal of the 2SLS estima-
tor of 1/y obtained from Egs. (3) and (4). Prove that the reverse 2SLS
estimator of y has the same asymptotic distribution as the 2SLS estimato
ofy. ; v .

c. Assume that at period p outside the sample the following relation:

ship holds: : .

AMV Yip= uc\nh‘uT Uip

(6) ¥ap=BiX1p+ BoXop + Uyp= X+ 1y, :

where u,, and u,, are independent of u, and u, with zero mean and var

jance-covariance matrix 3. We want to predict y;, when x;, and X, ar

given. Compare the mean squared prediction error of the indirect lea
squares predictor, defined by :

(7)) Pip=XYX'X) "Xy |

with the mean squared prediction error of the 2SLS predictor defined b

@) P, = TRUXX) X'y, | |

where 7is the 2SLS estimator of y. Can we say one is uniformly smaller tha

the other?

&

n this chapter we shall develop the theory of statistical inference for nonlinear
imultaneous equations models. The main results are taken from the author’s
ecent contributions (especially, Amemiya, 1974c, 1975a, 1976a, 1977a).
Some additional results can be found in Amemiya (1983a). Section 8.1 deals
th the estimation of the parameters of a single equation and Section 8.2 with
that of simultaneous equations. Section 8.3 deals with tests of hypotheses,
prediction, and computation.

8.1 Estimation in a Single Equation

;.: Nonlinear Two-Stage Least Squares Estimator

,_ZEw section we shall consider the nonlinear regression oncmnon‘
ve=fYo, X)) tu, =1,2,...,T, (8.1.1)

where , is a scalar endogeneous variable, Y, is a vector of endogenous vari-
ables, X,, is a vector of exogenous variables, &, is a K-vector of unknown
parameters, and {u,} are scalar i.i.d. random variables with Eu,=0 and
u, = o2, This model does not specify the distribution of Y,. Equation (8.1.1)
may be one of many structural equations that simultaneously define the
distribution of y, and Y,, but here we are not concerned with the other equa-
ons. Sometimes we shall write {Y,, X,,, &) simply as f(cp) or as f,. We
define T-vectors y, f, and u, the tth elements of which are y,, f,, and u,,
Ma%ooaé? and matrices Y and X, the ¢th rows of which are Y; and Xj,,
espectively.!

The nonlinear least squares estimator of c in this model is generally incon-
stent for the same reason that the least squares estimator is inconsistent in a
linear simultaneous equations model. We can see this by considering (4.3.8)
and noting that plim A, # 0 in general because f, may be correlated with u, in
the model (8.1.1) because of the possible dependence of Y, on y,. In this
sction we shall consider how we can generalize the two-stage least squares
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lar to (4.3.8). mﬁ”mﬁ A, converges to 0 in probability because of assumption A
nd the assumptions on {#, }. Second, consider 4, . Assumption B enables us to
write v

(2SLS) method to the nonlinear model (8.1. 1) so that we can obtain a consi
ent estimator. ,

Following the article by Amemiya (1974c), we define the class of nonlinea
two-stage least squares (NL25) estimators of o in the model (8.1.1) as’thy
value of o that minimizes i

SHaW) = (y — Ty WW'W) Wy — f),

where W is some matrix of constants with rank at least equal to XK.

In the literature prior to the article by Amemiya (1974c), a generalization of
2SLS was considered only in special cases of the fully nonlinear model (8.1.1
namely, (1) the case of nonlinearity only in parameters and (2) the case of
nonlinearity only in variables. See, for example, the article by Zellner, Huan
and Chau (1965) for the first case and the article by Kelejian (1971) for the.
second case.? The definition in the preceding paragraph contains as special
cases the Zellner-Huang-Chau definition and the Kelejian definition, as well
as Theil’s 2SLS. By defining the estimator as a solution of a minimizatio
problem, it is possible to prove its consistency and asymptotic normality by
the techniques discussed in Chapter 4. , _

First, we shall prove the consistency of NL2S using the general result for an
extremum estimator given in Theorem 4.1.2. The proof is analogous to but
slightly different from a proof given by Amemiya (1974c). The proof differs
from the proof of the consistency of NLLS (Theorem 4.3.1)in that the deriva-
tive of f is used more extensively here.

f=f+G,(a—q), (8.1.4)

where G, is the matrix the #th row of which is 8f;/da* evaluated at o} between
and a,. Therefore we have

Ay = T~ (o — Q)Y G, PG, (0t — 0).  @B.L5)

.H,_w.oamonm. .coowcmo of assumptions C and D, 4, converges in probability
mzmog_w in & € N(oyp) to a function that is uniquely minimized at .
inally, consider 4;. We have by the Cauchy-Schwartz inequality

T-Y(f, — f)YPypul= T~ '|(ap — @) G, Py (8.1.6)
= [T~ Yoy — a)' G, Py G, (0p — )]'?
X [T~ W'Pyul2.

herefore a.ﬁo results obtained above regarding 4, and 4, imply that 4; con-
erges to 0 in probability uniformly in & € N(a,). Thus we have verified all
he conditions of Theorem 4.1.2. .

“Next, we shall prove the mmisbﬁomo normality of NL2S by verifying the
nditions of Theorem 4.1.3.

HEOREM 8.1.2. Inaddition to the assumptions of the nonlinear regression

/oao_ (8.1.1) and those of Theorem 8.1.1, make the following assumptions:
(A) 8%,/dada exists and is continuous in & € N(ay).

(B) .ﬂn_i\ﬁ%m\mﬁmﬁq converges in probability to a finite matrix uni-

ormly in & € N(a, ), where q; is the ith element of the vector a.

ro%. if we denote a consistent solution of the minimization of (8.1.2) by &,
e have

TueoreM 8.1.1. Consider the nonlinear regression model (8.1.1) with the
additional assumptions:
(A) lim T-'W’W exists and is nonsingular.
(B) 9f,/dax exists and is continuous in N(ay), an open neighborhood of .
(C) T~'W’(8f/da) converges in probability uniformly in & € N (@)
(D) plim T~ 'W’(3f/8')q, is full rank. ,
Then a solution of the minimization of (8.1.2) is consistent in the sense
Theorem 4.1.2.

Proof. Inserting (8.1.1) into (8.1.2), we can. rewrite 7! times (8.1.2) as ,
T-18, = T='wPyuu + T~ — fYPulfo — ) @.13

+ T-12(f, — f)Ppu Losy| __2

= A, + A, + 45, VT 0a |oy T

where Py, = W(W'W)~'W', f = f(a), and f, = f(ep). Note that (8.1.3)is simi ut, using Theorems 3.5.4 and 3.5.5, VT (W'W)"'W’u — N[0, a2

: VT (& — o) = N0, o*[plim T~'G{PpG, ™"},
here G, is 8f/da’ evaluated at o, .

- Proof. First, consider condition C of Theorem 4.1.3. We have

GyW - VT(W'W)~ 'Wu. 6.1






























