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7 E:mm_‘ Simultaneous mQCm.zODm Models ,M_o &E&SH_@M%_ equations model is regarded as the limit of a ‘Bﬁmﬁmﬁm
— , me series model as the length of the time lag goes to 0, sce article
(1960) and Fisher (1970). . ) cles by Strotz

We impose the following assumptions:

‘ AssUMPTION 7:1.1. The sequence of N-vectors {ug,y}isii.d. with zero s\uo,m:
-and an unknown covariance matrix 3. (Thus EU = 0 and ET'U’'U=3)
‘Wedo not assume normality of {u,}, although some estimators considered in

o L this chapter are obtained imizi i
In this chapter we shall give only the basic facts concerning the estimation of " ey meimiing s nomal desiy

the parameters in linear simultaneous equations. A major purpose of the
chapter is to provide a basis for the discussion of nonlinear simultaneous
equations to be given in the next chapter. Another purpose is to provide a
rigorous derivation of the asymptotic properties of several commonly used
estimators. For more detailed discussion df linear simultaneous equations, the
reader is referred to textbooks by Christ (1966) and Malinvaud (1980).

‘,,Mw_mczm..doz \:.mﬂmewoﬁ,uﬁmﬂmnamaH«.N\No&mﬁmu&muos&?
gular. ’

AssumMPTION 7.1.3. Tis nonsingular.

Solving (7.1.1) for Y, we obtain

Y=XII+V, . . (7.1.2)

7.1 Model and Identification where

'We can write the simultaneous equations model as II=Br-!

| (7.1.3)
and V= C.ﬂl_. We define A =T"~V3I'~!. We shall call (7.1.2) the reduced
M&S equations, in contrast to (7.1.1), which are called the structural equa-
ons.

We assume that the diagonal elements of I" are ones, This is merely a
uozmm_ﬁmaoc and involves no loss of generality. In addition, we assume that
certain elements of I"and B are zeros.! Let — 7;be the column vector consistin
of those elements of the ith column of " that are specified to be neither 1 nor ow
and let §; be the column vector consisting of those elements of the ith ooEBm
f B that are not specified to be 0. Also, let Y; and X, be the subsets of the

olumns of Y and X that are postmultipli — i
: plied by —y,and g,, respectivel
we can write the /th structural equation as . ~ fur U Y- Then

Y[ =XB+U (7.1.1)

where Y is a T X N matrix of observable random variables (endogenous
variables), X isa 7" X K matrix of known constants (exogenous variables), Uis
a T X N matrix of unobservable random variables, and I"and Bare N X Nand
K X N matrices of unknown parameters. We denote the #,ith element of Yby -
Vu, the ith column of Y by y;, and the ¢th row of Y by y(,, and similarly forX
and U. This notation is consistent with that of Chapter 1. .

Asan example of the simultaneous equations model, consider the following -
demand and supply equations:

Demand: p,=7y,q,+ x;if, + ty.

Supply: ¢, = y,0,+ Xpf, t Ug.

The demand equation specifies the price the consumer is willing to pay for.
given values of the quantity and the independent variables plus the error term
_and the supply equation specifies the quantity the producer is willing to suppl
for given values of the price and the independent variables plus the error term
The observed price and quantity are assumed to be the equilibrium values that
satisfy both equations. This is the classic explanation of how a simultaneous
equations model arises. For an interesting alternative explanation in which

Y=Yy, +X,8+u - (7.1.4)

We %.E.:a the number of columns of Y, and X, by N, and K, respectively
ombining N such equations, we can write (7.1.1) alternatively as .

y=Za+u, : (7.1.5)
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where  y=(¥y1,¥2- .., ¥N)"
a=(@aj, 0. .. ,0y),
u=(uf, us,. .. ,uy)’,

and Z=diag(Z,,Z,,. . . ,Zy).

We define Q = Euu’ = 3 ® I. Note that (7.1.5) is analogous to the multi-
variate regression model (6.4.2), except that Z in (7.1.5) includes endogenous

variables. N . . o
We now ask, Is a; identified? The precise definition of identification differs

among authors and can be very complicated. In this uo.ow we shall Sw,o a
simple approach and use the word synonymously wit :ecﬁ_goo of a consist-
ent estimator.” 2 Thus our question is, Is there a consistent estimator of &;?
Because there is a consistent estimator of IT under our assumptions A.».S
example, the least squares estimator IT = (X’ X)~'X’Y will do), our mcomnoc
can be paraphrased as, Does (7.1.3) uniquely determine a; when Il is deter-
mined? : ' o

To answer this question, we write that part of (7.1.3) that involves y; and

Bas

Ty —yyi=B: | (7.1.6)
and .

uﬂmo - HHEVN = c. Aﬂuﬂv
Here, (), M5)’ is the ith column of I1, and (IT};, ITj)’ is the mc_.ummﬁ of the
columns of IT that are postmultiplied by y;. The second subscript 0 2. l
indicates the rows corresponding to the zero or nonzero elements of the ith

column of B. Note that Il is a Ky X N; Bmaxﬂ where K, = K — K;. From
(7.1.7) it is clear that p; is uniquely %8:553 if and only if

HWSWG.:H..OV = 2... . Aﬂ.w.mv

This is called the rank condition of identifiability. It is clear from (7.1.6) that
once ¥, is uniquely determined, §; is uniquely determined. For (7.1.8) to hold,
it is necessary to assume . -

KyZ N, (7.1.9)

which means that the number of excluded exogenous variables is greater than

or equal to the number of included endogenous variables. The condition ,

(7.1.9) is called the order condition of identifiability.3
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Supply curve

Demand curves with different
values of the independent
variables

.. Figure 7.1 Demand and supply curves

If (7.1.8) does not hold, we say a; is not identified or is underidentified. If
7.1.8) holds, and moreover, if K= N,, we say a, is exactly identified or is
ust-identified. If (7.1.8) holds and K > N,, we say a is overidentified.

If§, # 0and B, = 0 in the demand and supply model given in the beginning

-of this section, y, is identified but y, is not. This fact is illustrated in Figure 7.1,
where the equilibrium values of the quantity and the price will be scattered
‘along the supply curve as the demand curve shifts with the values of the

independent variables. Under the same assumption on the #’s, we have

1 V2
II, = and IL,= , 7.1.10
_ _IEU\N._ 2 ~I5§F ( )

‘where IT; and IT, are the coefficients on x, in the reduced form equations for p
and g, respectively. From (7.1.10) it is clear that if B, consists of a single

element, y, is exactly identified, whereas if B, is a vector of more than one
¢lement, y, is overidentified.

7.2 Full Information Maximum Likelihood Estimator

In this section we shall define the maximum likelihood estimator of the
parameters of model (7.1.1) obtained by assuming the normality of U, and we
shall derive its asymptotic properties without assuming normality. We attach
the term full information (FIML) to distinguish it from the limited information
maximum likelihood (LIML) estimator, which we shall discuss later.






















