LECTURE NOTE 3: PROPERTIES OF 2SLS

Economics 231a Fall, 2005

First Order Optimality of 2SLS: Alternative Derivation

Suppose that we have a linear model

yi = T + u; i=1,2,...

/

where there exists some z; such that F [z;u;] = 0 and E [z;2}] is nonsingular. We will suppose that

dim (z;) > dim (z;), and analyze 2SLS. As before, we will assume that (y;, 2%, 2/)" is i.i.d.

Condition 1 E [z;u;] =0, E [u?z2]] = 02E [2;2]]

We will first consider a class of IV estimators using Lz; as an instrument, where L is a dim (z;) X
dim (z;) matrix. Note that the IV estimator can be written as

b = (Z (Lz) x;) (Z (Lz) yl>

i=1 =1

We know that

Vi (b = 8) 5 N (0,),
where

Q, = A'Bp(Ay)”

B, = E|[(Lzuw)(Lzw)| = LE [ujz2] L' = 6°LE [2]] L'
Therefore, we have

Qp = o*(LE[2a))) ' LE[22)) L' (E w2 ')

= o2 (LG)'LHL (G'L)™"

where we write

G = F|zx])

H = FElzz]
for simplicity of notation.

We would want to choose L to minimize ;. It can be shown that L* = G’H ! minimizes ;.
In order to appreciate it, let

Q* _ (L*G)fl L* _ (G/H—1G>*1 G/H—l
Q = (LG)'L



Note that
HQ) = G(@H'G)™
QG = (GH'G)'GH'G=1
QG = (LG)'LG =1
It follows that

1

(Q-QVH@Q) =(Q-Q)G(EH'G) ' =QG-Q'G=1-1=0
from which we obtain
(LG 'LHL' (G'L')™" = QHQ'
= [@+@-QNHQ +(@Q-Q)
= QH(Q)+(Q-Q)H(Q-Q)
> QH(QY
= (@ne)tentm-(@ne) tan|
= (G'H'Q)
We can therefore see that the optimal choice of L is

L*=GH = (Bz:2)]) (B [z2]) ™

We now consider a class of estimators b7, where L=1L"+ 0p (1). We can see that
n -1 n n -1 n
= (S (E)) (D)) - (E3a) (2200)
=1 1 i=1 i=1

. A n -1 n
(ixe)] PGE)
-1

n -1 i n
= B+ (ZZ%L‘Q) (ZZzZuZ> =0+
=1 =1
=1

We therefore have
L = [(L"+0,(1) (E[za]] + 0, (1)) (L* + 0, (1))

Si-

Vi (by = ) = { [E <%i2x>]15} (

Note that

dony

= [(L" 40, (1)) (G + 0, (1)) (L* + 0, (1))
= (L*G) "'L* +o0,(1)
= (GC'H'G) ' G'H ' + 0, (1)



and
% Z ziu; 5 N (0,0%E [22]]) = N (0,0°H)
i=1
It follows that
Vn(b-—B8) L N (0,0 (G'H'G)™!
L
Note that

(% wa{) <% ‘ ZzZi) = (B z:2)]) (B z2]) " + 0, (1)

—1
_ (X’Z (2'2)! Z’X) X'Z(2'2)' Z'y
= basrs

and
V1 (besrs — ) 4N (0,9)

where
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Higher Order Asymptotics: Some Preliminaries

In this section, we assume that z; are non-stochastic. We also assume that
1 1
727 == zz2
n nxqg n Zl: ‘

is fixed at T. This simplifies some of the calculations without sacrificing too much generality.
Finally, we assume that (g;,v;) is bivariate normal.

~

Note that the 2SLS /3 is such that

o X2 G2 (Fre) Gt (§
0 =z G ) ()

Let
wy = L genn (0 U—gz’z) =N (0,027) = 0, (1)
\/ﬁ 7n ) e p
wy = LN (0 U—gz’z) =N (0,027) = O, (1)
\/ﬁ vn » Yo p
Writing

1 1 1 1

72X ="77n+-Tv="T"1r4+ —w,y

n n n vn
we can rewrite

!
(Tﬂ' + \/Lﬁc@) YT lw,

/
(T + L) T (U7 + L)
(TW), T_lwl + \/LEW,QT_le
(Tr)' -1 (Y7) + \%w’ff—l (Tmr) + Zwh T lw,

! 1 I —
7rw1+\/—ﬁw2T Lo

Vi (B-5)

T+ \%wgﬂ + Lwh T 1w,
ai + \/Lﬁag
by + 7= (2b2) + 1bs

Rewrite further s = \/Lﬁ

ap + \/Lg% B ai + ass
b+ = (2b2) + 3bs b+ (2b2) 5 + bys?

Because s is small, we can think of a Taylor series approximation at s = 0:

b1 + (2b2) S + b382 N b_1

2a1b
ai + ass ay az a122 s+0(s)
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which roughly means that we can rewrite

a’l_‘_\/LﬁaQ Na1+ 1 (a2_2a1b2>
bt = (20)+1by b Va\b B

or

m'wy 1 (WY oy 2(7wy) (w’27r)>

N (ﬂ - 5) R —Tx + % ( T (W’T?T)Q
Remark 1 With some abuse of notation, we can write

Twy ~ TN (0,02Y) = N (0,027 T)

so that
mwy N (0,027’ T) _~o o?
Y Y Y

We therefore have

Elr'w] 1 (E[wéT‘lwl] 2E[(7T’w1)(w’z7f)])

E [\/ﬁ (B B ﬁﬂ ~ T * NG s B (')
_ 1 (E [wh Tt ] _2E [(7'w1) (w’zﬁ)])
Vn Ly (W’Tw)2

Because

1 "1 A ~

Yl = [ —Z 7'z —_Ze) =vz(Z2) 7
R (ﬁ ”)(n ) <¢ﬁ E) vaZE) 2
= trace (v'Z (z'2)~" Z’s) = trace <Z (Z'2)" 7" 51/)

(T'wy) (wym) = o (%Z’s) <%U’Z> = %W’Z’ (ev) Zm
we have
E[wyY'wi] = trace (Z (Z2'2)' 7 - E [51}’]) = trace (Z (z'2)" 7" O'EUIn>
= 0., trace (Z (Z’Z)_1 Z’) = 0.0q

E[(7'wy) (wym)] = %W’Zl (Eed)) Zr = %W’Z’ (Ocoln) Zm

! rz! /
= Oo—TNL LT =0n L7
n

we obtain

Ewy Y 'wy]  2E[(n'wy) (whm)] g —2

Y (7T/T7T)2 Y Tev




and
1 g—2

BV (3-9)] ~ Zoe

To conclude, we have

~ q—2 q—2
o]+ it =+
p 6+n-7r’T7r06 6+7T’Z’Z7r06
1 ¢g—2
MOt O

Improvement over 2SLS?

Write
B— X/Py
- X'PX

We will consider estimators of the form

~  X'Py—k-X'My X'Pe— k- X'Me

p= X'PX —k-X'MX :ﬁ+X’PX—k-X’MX
One possibility is LIML, where £ is some eigenvalue. Another possibility is
q=2
k= . _" =

n

This estimator is due to Nagar (1959).

Remark 2 (Intuition) We noted above that the bias probem of 25LS may be due to the fact that
the expected value of the numerator is not equal to zero. Now, note that
E[X'Pe —k-X'Me|=E [(Zr +v) Pe — k- (Zr + v)' Me]
= FE[v'Pe — k- v'Me]
= trace (P) - 0., — k - trace (M) - o,
=(qg—k(n—q)) oo
Therefore, if we take

q
n—q

k ~

we expect the bias problem to be ameliorated.

Rothenberg (1983) and Donald and Newey (2001), based on even higher order expansion than
we considered, established that

MSEy (LIML) < MSE, (Nagar) < MSE, (2SLS)

Here, M'SE 4 denotes approximate mean squared error.
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Digression: Choosing Instruments
Donald and Newey (2001) looked at a more complicated model

Yi = wib+u

where f (-) is an unknown function of z;, and the researcher uses
Ui =" () = Wik (), Yk ()

as an instrument.! They showed that the approximate MSEs of y/n (estimator — 3) are such that

i+w>+02 K*

H nH?

1 ff(I-P%)f K
<E+T + (J?O’Z —O'?,U) m

<l + —f/ (I — PK) f) + (0303 + azv) n

MSE, (v/n(2SLS - B)) ~ a§<

Q

[

MSE, (v/n (LIML — 3))

Q

auNE

MSE 4 (vn (Nagar — j3)) i nH? nH?

Here, H = E [ f (21)2], f=(f(z1),...,f(2)), and PX denotes the P matrix based on instruments
X, In general, K need to be “large” for us to have a good approximation of f (z;) in the first stage.
They suggest an empirically feasible method to choose K in such a way that MSE is minimized.
Their proposal will not be discussed explicitly in class.

We now assume a special situation where we have some prior knowledge about f (z;). Suppose
that there is a function ¢ (z;), of which functional form is known, such that f(z;) = 7 - ¢ (2;) for
some unknown 7. We can then use only one-dimensional IV ¢ (z;). This will reduce MSE of various
IV estimators in two ways. First, we can see that f’ (I — PK ) f = 0. This is because we know that
f(z;) = m- ¢ (z) so that the regression of f (z;) on ¢ (z;) will leave zero residuals. Second, we can
see that the additional terms U?UHK—I;, (0202 — 02,) 2, or (0202 + 02,) -5 will be substantially
reduced compared to the case where we have to use K = 100, e.g. This idea was exploited by
Currie and Gruber (1996), who called ¢ (z;) the “simulated instrument”.

Understanding Nagar

2SLS solves

!For example, we can think of polynomials of z; including 1,z2;,22,...,2%. If K is large, then f(z;) will be
approximated arbitrarily well by the first stage OLS.



Note that

= (22)" Z'x
We would expect good finite sample performance if
E[2'P(y —xp)] =
But
E[2'P(y — xp)] = E[2'Pe] = E [(27 +v) Pe| = E [v'Pe] = qo., # 0
The problem can be fixed by considering the fact that

a E[2'Me| = a
n—gq n—gq

E[V'Me| = qo,
and hence

E{xf(p_nng)g] 0

This suggests an estimator that solves

o (P— a M) (y —ab) =0

n—q
or
'Py — —q:p'My
"Px —qx’M:B

Note that we can fix the problem by considering a solution to

O—A' — zb) Zal y; — x;b

where
~ o~
Ay = 2T (i)

Here, 7(;) denotes the OLS estimator for m based on every observation except the ith. Therefore,
7@y and ¢; are independent of each other by construction, and therefore the solution is expected to
have a good performance in finite sample. The estimator

Sy (57 0) vi
Sy (A7) @

is often called the JIVE (Jackknife Instrumental Variables Estimator) in the literature.
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Exact Finite Sample Distribution under Normality

We will continue to assume that = 3", z;2/ is fixed at T. We will also assume that

. .. 2
< i ) Z-L-d-/v<o, { e g D
(% Ocp UU

Write
NN € D RE RN D)
() (2 iml) ™ (e )
. (522 (vam) + & Tz (z) ™ (3 er)

(Ye+ <I>ZU)' T1(d,.)
(Ye+ q)zv)/ T (Yc+ P,,)

B+

where we write

c = nrw
.\ _ ([ mXiwsE
q)zv - \/Lg Zz ZiV4

Note that

q)ze Ug Ocv
(o)~ (0] 22 % o)

Higher Order Expansion for M-Estimator

Consider the M-estimator which solves

%gs (zz,§> =0

For simplicity, we will assume that dim (s) = dim (¢) = 1.

1

Vn

i Zﬂh‘)

We first review the usual (first order) asymptotics. From the first order Taylor expansion

0~ %is@,eow (%i%) (-6

i=1

and the law of large numbers
1 & 0s (ZZ', 90) 0s (ZZ', 90)

- R Y D A 1
"2 o6 oo | o)

i=1



we obtain

3

l;s %, 00) +E[88(§g90>] (9-0)

or

60) = () (h )
= —QJ :

where, for simplicity of notation, we write

o= (2[*5*])
J = %gs(%,eo):opu)

Higher order expansion is based on the higher order Taylor expansion:

'~ n 2 . '~
0 ~ —Z (2i,00) + <—Z—as(§z00)> (9—90> +% (%;a S(;Zg%)) (9—90>2

: E;S(zi’%H(E 25 e ZZ’HO)‘EPS(;@O)]))(@‘90)
+% (E[%} \/1_\/_Z<$—E{%D> (5—6())2

= %t” (Ql + %V> (9-60) + (H+%W) (5—90)2

where, for simplicity of notation, we write

Voo fz(as (2, 00) _E[as(gzeo)]) _0,)
wo= 3 (Tt s [P 5R]) -0

Now “guess”
Vi (8-00) ~-QJ +

for some A, and obtain

o (0 ) (- a) g (e ) (7 (0-0))

_ J+(Q_1+%V)( QJ+\;EA)+ \)/_(HJr )( QJ %A)Q

1
A
N

0

Q

2
_ L lyorpe b 1
= ﬁ<VQJ+2HQJ+QA) p(n
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From

1 1
= _V —HQ?*J?*+ =A
0 QJ+2 QJ+Q

we obtain
1
A=Q*JV — §Q3J2H
or

vn (5 - 90) ~—QJ + % <Q2JV - %Qf*HJ?)

We can now calculate the higher order bias of 0 as

1 1 1 1 11
E {—%Qu - (QZJV - §Q3HJ2)] = ~QE[JV] - 5 Q'HE [’
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